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Applications of Persistent Homology

1. AYASDI (company of TDA by G. Carlsson)
Image processing
Sensor networks
Statistics

Proteins
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Materials Science
(Glass, Grain, etc)




Atomic Location and Geometry

Crystal

/7
4

Group Theory

Combinatorics

/7
L 4

7/
4

Discrete Geometry, etc

Amorphous (glass), Protein

+ Alpha shape

+ Persistent Homology




Atomic Location and Geometry
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Edelsbrunner & Miicke '94
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Edelsbrunner & Miicke "94
Alpha Shape
e . R -7 0

R = U Vi : Voronoi decomp.

==

Bi(r) = {z e R’ | [|lz — x| <}



Edelsbrunner & Miicke "94
Alpha Shape

e . R -7 0

R = U Vi : Voronoi decomp.

==

o U B;(r) = U (B;(r)N'V;)

Bi(r) = {z e R’ | [|lz — x| <}

o Alphashape A(X,r):dualof {Bi(r)NV;|i=1,...,n}
(simplicial complex)



Edelsbrunner & Miicke "94

Alpha Filtration

o A(X,r)C A(X,s) for r < s

3999

BEIBTECERV TR |

Note: Alpha shape (filtration) can be computed by CGAL
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Edelsbrunner, Letscher, Zomorodian 02

Persistent Homology
LN OAY S
3(1 X2 X3 X4 X5
filtration ¥ : X; c Xy C--- C X, [PHl(X):I[B,KL]]

persistent homology
PHy(X) : Hy(X1) — Hy(X2) — --- — Hy(X,)

interval decomposition (Gabriel’s Theorem)

PH,(X) ~ @D I[b;, di]
i=1
Ib,d|:0—»---»0-K—--->K—->0—>---—0
atXb ath




Edelsbrunner, Letscher, Zomorodian 02

Persistence Diagram

o interval decomposition

S

PH,(X) ~ @ I[b;, di]

i—1

o persistence diagram
e — {(bz,dz) < R>? ’ =1
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What 1s Glass?

| supercooled
' liquigl

Not yet fully answered to “what is glass?”

D §
Not liquid, not solid, but something in-  &|
between S|

Molecules have disordered arrangements, CEE e
but sufficient cohesion to maintain rigidity temperature

Further geometric understandings of
atomic arrangements are required

In applications, Solar Energy Glass, DVD,
BD, etc.




they are
obtained by MD

Note
simu

¥ * e

10NnS

lat

+
x Fx Fo
ﬁ,w% o4 3t ,uwﬁmu A

Atomic Arrangement of 5102

3T
+* 3
& - ¥ - ?M%W#Awa‘w

15

P WPy Iy W P I wy

—
(g
e
S 3 3= 3 3=
>
vl
&)

10

FE O EE KT w5k

oo T T K Ky

B Ry B Py WPy F Ry T B

N FFe IV s E s +*
+ * += +*

T TP P T Fpx

FERENR TR TN TR

- +* - + *®

& o g g Fgg e gt Ty F K

,uAu ﬁAu wwﬁ «wa A-.Au + i
« o * S * *®

WP WP T @ P @ T
= A ﬁﬁﬁﬁ ﬁﬁﬁﬁﬁﬁ
*x h 3 *x h

B R F Ty g # Eg B B
RPN J,mlmw B TR T *
his b i H hed =
= ﬁ&wﬁﬁ@ﬁﬁ%ﬁﬁaﬁﬁaaaaﬁa
o T B Ry By o
T R o By o g gk Wiy 3 3¢ 4 3
A i s * A 3 3
w « o o +
TR 3 T 3 W B B T W T
his 3 3 his 3
A i h e x i =
JE I T P T W T
3x
A T T
R R i I o S S 4
3 3 b X & - b
+= = = = =
T T 4R e A A *
£ S Sk S o
3 A R A & & *x
- W G W W T T
3 ¥
TR, R, R
FoEgF By B gy ww
+ + L NN

+* =
* e * & * .
A 2 Aﬁlﬂ ,u‘,,ﬂ awm = F Py
= +*
FuF Ty
3 AWAW

-5

-10

%

+
Ry P e By
ﬁﬁ -

s {3
3 3

+
qeds 3
+
AR, S N AR i SR, S g
° %

o [Ye)
-

25

3 l
3 wa % * ¥
P aaﬁ * . Brw 5 o
&35 Fop s By 38

4%
*
T3
5 AR A A
wa %Aw p
*




-dim Persistence
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crystal

Multiplicity

Multiplicity

Multiplicity

Persistence Diagrams PD;

0 dim support results from regular
atomic locations of crystals

transition

1 dim support (curves!) appears

transition

2 dim support results from random
atomic locations of liquids



How robust under pressure?
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How robust under pressure?
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How robust under pressure?
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Persistence on Commutative Ladder




Persistence on Commutative Ladder

ex) TDA of Protein Foldings

P, : Atomic location at time ¢ ( =1,2,...,T)

X, = A(P,, s) : Alpha cplx with radius s

time evolution
< >

H*(Xl) S H*(Xl UXQ) e H*(XQ) e e H*(XT)




Persistence on Commutative Ladder

ex) TDA of Protein Foldings

P, : Atomic location at time ¢ ( t=1,2,...,T)
X, = A(P,, s) : Alpha cplx with radius s
Y; = A(P;,r) : Alpha cplx with radius r (r < s)

time evolution
£€ >

H.(X;) — H.(XjUXy) +— H,(X3) — ... +— H.(X7)

[ I [ [

H,(Y1)) — H (Y1 UYs) «— H,(Y5) —— ... +— H,(Y7)

robustness

v



Commutatve Ladder

25



(Quiver and Path Algebra

* A quiver Q — (QO7 Ql) is a directed graph

(o : a set of vertices ()1 : a set of directed edges

* A path algebra K@ : K-vector space spanned by all paths.
The product of two paths is the composed path.

e 5 4

* Relations of paths generate an ideal I C KQ * )*
Q O )

“ A = KQ@/I is an associative algebra S

1 2

I'= (a3 — 70)

26



Representation and Module

+ A representation M on ()
- A vector space M, for each vertex a

- A linear map ¢4 : M, — M, foreach edge a:a — b

* Arepresentation M on A = KQ/I
¢, =0 for each relation p € I

©3Pa — Pspy =0

| 6 « Equivalence of category
=
1 5 mod A ~ rep (A)

2/



Krull-Schmidt Theorem

» A submodule W C (M, ¢)

- W, C M, for each vertex a
- va(Wy) C W for each edoe o a b

* An indecomposable module M

MWW ssip W=0or W =0

+ Unique decomposition into indecomposables

M~WhDg...eg WO

25



Gabriel’s Theorem

“ A quiver () is representation-finite

= () is a Dynkin diagram ( A, Dy, Ee, E7, E)

* Note that this is NOT a theorem for A = KQ/I

29



+ Persistence Module

+ Persistence Diagram

Persistence Module and Diagram

( Representations on A4, J
Carlsson & de Silva

Bl e

« Zigzag Persistence Module
D PE 0 MUTIRCRG 0

* Indecomposable Decomposition d?:h

M ~ @ Ifby, dy] /e
k |




Finite or Infinite Type?

+ Commutative ladder is NOT Gabriel types

4 5 6
+ Commutativity is assigned O I O
>
] 2 3

* Commutative ladder is finite type or not?

+ What are counterparts of p-intervals and p-diagrams?

31



Auslander-Reiten Quiver

The AR-quiver I'(A) of A is defined as follows:

* The vertices are the indecomposable isomorphism classes
| X] in mod A

(e.g., p-intervals b, d| in standerd persistence)

+ The arrow [X] — [Y] exists iff Jirr. morphism X — Y
(e.g., I[b,d] — I[b—1,d], I|b,d] — I[b,d —1])

52



Main Theorem

* The commutative ladders of length less than 5 is
representation-finite (independently of orientations)

2]

* The AR quiver of I I I is given as follows

110
000

010 010
000 010

Y

011
000

121
010

e
o

\110

2

s s L
fj‘j\m/ooo\m/m\ e
000/‘“\?1?/”\:1/”\m/”\

\ / \ / \ /”\ /

Proof: AR theory (mductwe appl1cat1ons of AR translat1ons).



Further Decomposition of 2-Step Persistence
B  Hie) -0 a0 ]" o0 o

000

110

(X, - H(,UY) < H. (V)

| i 1
H.(G) > HXUY,) < H (V)

+ Decompositions of zigzag persistence are similar



Persistence Diagram and AR quiver

* AR quiver I = (I'g,I';) of A, type is the support of
persistence diagram

death
n
n-1

1 2 n-1  n birth

persistence module

M~ I ke N
[I]€To

persistence diagram
DM : F() = NQ
] = ki

59



Persistence Diagram and AR quiver

“ Persistence diagram of persistence module

M ~ 69 Tk

[I]EFQ
is given by a function (equivalently mulitiset)

Daeellg = Ny o 1 ki
on ARguiver ' — (1) 7|

o

7 example of PD
e in C.T.1.

-

0
/
0—8
>

0



Pressurization and C.L..

X :original Y : pressured H.(X,) —» H,(X,UY,) «— H,(Y3)
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& /g;ﬁ} < = - 0" w0 generators persist under
o " pressurization!

persistence diagram

57



Computations

* The Auslander-Reiten quiver provides a flowchart of
the algorithm to compute persistence diagrams

“ Discrete Morse reduction can be applied to C.L.

# X Al t t
¥ 15 4] S 905 il 89 59
2 626 7,164 349755 14341

3 ) 540 7,834 S G2 1) 42.34






