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Automorphism groups of free groups

• Fn := ⟨x1, . . . , xn⟩ : Free group of rank n ≥ 2

• H := Fn/[Fn, Fn] ∼= Z⊕n : Abelianization of Fn

ρ : AutFn
surj.−−−→ Aut(H)

=

Nielsen, 1924 GL(n,Z)

• IAn := Ker(AutFn → GL(n,Z))

Free group analogue of the Torelli group



IA-automorphism groups

IAn := Ker(AutFn → GL(n,Z))

• (Magnus, 1935) IAn is finitely generated by

Kij : xi 7→ xj
−1xixj,

Kijk : xi 7→ xi [xj, xk], j < k

� �
Problem For n ≥ 3,

Find a presentation for IAn.
� �



Mapping class groups of surfaces

• Σg,1 :=

· · ·

∗

· · ·

π1(Σg,1, ∗) ∼= F2g

• Mg,1 := Diff+(Σg,1, ∂)/isotopy



� �
Theorem (Dehn, Nielsen) g ≥ 1

∃ι : Mg,1 ↪→ AutF2g s.t.,

Im(ι) = {σ ∈ AutF2g | ζσ = ζ}
� �
• Torelli group

H1(Σg,1,Z) ↶ Ig,1 := IA2g ∩ Mg,1

trivially

1 −→ IA2g −→ AutF2g
ρ−→ GL(2g,Z) −→ 1x ι

x x
1 −→ Ig,1 −→ Mg,1 −→ Sp(2g,Z) −→ 1



Andreadakis-Johnson filtration of AutFn

• Γn(k) : lower central series of Fn

Γn(1) := Fn, Γn(k) := [Γn(k − 1), Fn]

• Ln(k) := Γn(k)/Γn(k + 1)

� �
Facts. (Magnus, Witt, Hall)

Ln :=
⊕
k≥1

Ln(k) is the free Lie algebra generated

by H.� �



• Andreadakis-Johnson filtration k ≥ 1

An(k) := Ker(AutFn → Aut(Fn/Γn(k + 1)))

IAn = An(1) ⊃ An(2) ⊃ · · ·

� �
Theorem (Andreadakis, 1965)

(1) [An(k),An(l)] ⊂ An(k + l)

(2)
∩
k≥1

An(k) = 1

� �
• grk(An) : sequence of approximations of IAn.



Johnson homomorphisms

• H∗ := HomZ(H,Z)

• The k-th Johnson homomorphism of AutFn

τk : grk(An) → HomZ(H,Ln(k + 1)) = H∗ ⊗ Ln(k + 1)

σ mod(An(k + 1)) 7→ (x 7→ x−1xσ)

� �
Fact.

Each of τk is injective and GL(n,Z)-equivariant.
� �

S. Morita, R. Hain, F. Cohen, B. Farb, . . .



� �
Theorem. (Cohen-Pakianathan, Farb, Kawazumi)

τ1 : gr1(An) → H∗ ⊗Z Ln(2)

is surjective, and the abelianization of IAn.
� �
� �
Theorem. (S., 2004)

There exists an exact sequence

0 → gr2(An)
τ2−→ H∗ ⊗Z Ln(3) → S2H → 0

of GL(n,Z)-modules.
� �



� �
Problem 2. k ≥ 3

Determine Im(τk) and Coker(τk).
� �

• It is too difficult to obtain a generating set of

An(k) and grk(An).

� �
Problem 3. k ≥ 2.

Determine whether An(k) is finitely generated or not.
� �



Andreadakis conjecture

• A′
n(k) : Lower central series of IAn

An(1) ⊃ An(2) ⊃ An(3) ⊃ · · ·
= = Bachmuth ⊂ Finite index Pettet

A′
n(1) ⊃ A′

n(2) ⊃ A′
n(3) ⊃ · · ·

� �
Conjecture (Andreadakis) For any n, k ≥ 3,

An(k) = A′
n(k)

� �



Mapping class group case

• Johnson filtration

Mg,1(k) := A2g(k) ∩ Mg,1

• Lower central series of Ig,1
Ig,1 = Mg,1(1) ⊃ Mg,1(2) ⊃ · · ·

� �
Facts Mg,1(k) ̸= M′

g,1(k)

• k = 2 : Johnson

• k = 3 : Morita
� �



“Upper-triangular” automorphism groups

• Nielsen automorphisms

Eij : xi 7→ xixj,

Ei−1j : xi 7→ x−1
j xi

A+
n := ⟨Eij, Ei−1j | 1 ≤ j < i ≤ n⟩

ρ : AutFn
surj.−−−→ Aut(H)

⊂ =

A+
n Λn



Heisenberg group

Λn =

{
1 O O

a21 1 . . .

a31 a32 . . . O
... . . . . . .

an1 an2 · · · an,n−1 1


∣∣∣∣∣ aij ∈ Z

}

� �
Theorem (Magnus) Λn is generated by Fij for (j < i)

subject to relations:

• [Fij, Fjk] = Fik for i > j > k,

• [Fij, Fkl] = 1 for j ̸= k and i ̸= l.

� �



� �
Theorem (Satoh, 2013) A+

n is generated by Ei±1j
for (j < i) subject to relations:

• [Eij, Ejk] = Eik for i > j > k,

• [Ei−1j, Ejk] = Ei−1k for i > j > k,

• [E−1
ij , Ej−1k] = Eik for i > j > k,

• [E−1
i−1j

, Ej−1k] = Ei−1k for i > j > k,

• [Ei±1j, Ekl] = 1 for i > k, i ̸= l and j ̸= k,

• [Ei±1j, Ek−1l] = 1 for i > k, i ̸= l and j ̸= k,

• [Eij, Ei−1k] = 1 for i > j, k.

� �



“Upper-triangular” IA-automorphism groups

IA+
n := Ker(A+

n
ρ−→ Λn)

� �
Theorem (Satoh, 2013) IA+

n is generated by

Kij : xi 7→ xj
−1xixj, j < i

Kijk : xi 7→ xi [xj, xk], k < j < i

Moereover, we gave an infinite presentation for IA+
n .

� �



Andreadakis-Johnson filtration for IA+
n

• An(k)
+ := IA+

n ∩ An(k)

IA+
n = An(1)

+ ⊃ An(2)
+ ⊃ · · ·

� �
(1) [An(k)

+,An(l)
+] ⊂ An(k + l)+

(2)
∩
k≥1

An(k)
+ = 1

� �



The main theorem

• Lower central series of IA+
n

IA+
n = A′

n(1)
+ ⊃ A′

n(2)
+ ⊃ · · ·

• A′
n(k)

+ ⊂ An(k)
+

� �
Theorem (Satoh, 2013) For any n ≥ 2 and k ≥ 1,

An(k)
+ = A′

n(k)
+.

� �



Outline of the proof

• grk(A+
n ) := An(k)

+/An(k + 1)+.

• grk(A′
n
+
) := A′

n(k)
+/A′

n(k + 1)+

grk(A+
n )

τ+
k−−→ H∗ ⊗Z Ln(k + 1)x ∥∥∥

grk(A′
n
+
)

τ ′
k
+

−−→ H∗ ⊗Z Ln(k + 1)



• Vn(k) : the Z-submodule of H∗ ⊗ Ln(k + 1)

generated by

x∗
i ⊗ [xj1, xj2, . . . , xjk, xi], j1, . . . , jk < i

x∗
i ⊗ [xj1, xj2, . . . , xjk+1

], j1, . . . , jk+1 < i

where

[y1, y2, . . . , yk] = [[· · · [y1, y2], y3], · · · ], yk].

� �
Proposition For any k ≥ 1,

Im(τ ′
k
+
) = Vn(k).

� �



� �
Proposition For any k ≥ 1,

grk(A′
n
+
) is generated by rankZ(Im(τ ′

k
+
)) elements.

Hence,

τ ′
k
+

: grk(A′
n
+
) → Vn(k)

is an isomorphism.
� �



• A′
n(1)

+ = An(1)
+

gr1(A+
n )

τ+
1−−→

inj.
Vn(1)x ∥∥∥

gr1(A′
n
+
)

τ ′
1
+

−−→
inj.

Vn(1)

=⇒

A′
n(2)

+ = An(2)
+

• By using the induction on k ≥ 1, we obtain the main

theorem.



Some remarks

� �
Theorem (Satoh, 2013)

• H1(IA
+
n ,Z) ∼= Vn(1), induced from

τ+
1 : gr1(A+

n ) → Vn(1).

• ∪ : Λ2H1(IA+
n ,Z) → H2(IA+

n ,Z)

Im(∪) ∼= Z⊕ 1
72n(n

2−1)(n−2)2(n2+5n+9)

• H2(IA+
n ,Z) ̸= Im(∪)

� �


