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Diffeology Spaces and Maps

Diffeology I
n ≥ 0

1. Rn n-domain domain
Domainn Domain =

∪
n

Domainn

2. n-domain X X n-parametrization
Paramn(X) Param(X) =

∪
n

Paramn(X)

Diffeology D X parametrizations D X

diffeology
1. ∀x∈X ∀n∈N0

∃c(x)∈D∩Paramn(X) s.t. im c(x) = {x}

2. P ∈ Paramn(X) & ∀s∈U ∃V∈Domainn
s ∈ V ⊂ U, P|V ∈ D =⇒ P ∈ D

3. ∀(P:U→X)∈D ∀F∈C∞(V,U) P◦F ∈ D

D parametrization plot

岩瀬則夫 (九大 数理) Diffeology I 信州大学 4 / 23



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

Diffeology Spaces and Maps

Diffeology II

C∞-map f : (X,DX) → (Y,DY) C∞-map f

∀P∈DX
f◦P ∈ DY

C∞-diffeological space C∞-map Diff∞

diffeology n-domain U domain V domain U

C∞- diffeology diffeological space

理 diffeology Diffeological space X = (X,D)

domain U plot D(U) U X C∞-
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Diffeology Spaces and Maps

Diffeologyから Topology

A ⊂ X diffeological space X = (X,D)

∀(P:U→X)∈D P−1(A) : open in U

X

C∞-map
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Diffeology Spaces and Maps

TopologyからDiffeology

Diffeology X D

P ∈ D ⇐⇒ P is a continuous map from U to X.
X = (X,D) diffeological space

C∞-map diffeological space
C∞-map
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Diffeology Spaces and Maps

Smooth structureからDiffeology

Diffeology Smooth manifold M = (M,U) D

P ∈ D ⇐⇒ P is a smooth map from U to M.
M = (M,D) diffeological space

C∞-map Smooth manifolds smooth map
diffeological spaces C∞-map

V-manifold
diffeological space
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Construction

Construction

Diffeology — Spaces/Maps

Construction — Induced diffeology/Mapping sp
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Construction Induced diffeology

Induced diffeology
pull-back/push-forward f : X → Y

1. (Y = (Y,DY) diffeological space f C∞-map
X diffeology DY f pull-back f∗(DY)

2. (X = (X,DX) diffeological space f C∞-map
Y diffeology DX f push-forward

f∗(DX)

1. diffeological space (X,D) A ⊂ X

i : A ↪→ X D pull-back i∗(D) subset diffeology
2. diffeological space (X,D) X ↠ B p : X ↠ B

D push-forward p∗(D) quotient diffeology
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Construction Mapping space

product and function diffeologies

{Xj = (Xj,Dj)}j∈J diffeological spaces
1. j ∈ Jに pj :

∏
j∈J Xj → Xj C∞ に∏

j∈J Xj diffeology product diffeology
parametrizations P : U → C∞(X, Y) Q : V → X

parametrization P·Q : U×V → Y

(P·Q)(s, t) = P(s)(Q(t)), s ∈ U, t ∈ V

X = (X,DX) Y = (Y,DY) diffeological spaces
1. parametrization P : U → C∞(X, Y) C∞(X, Y)

diffeologyに
∀(Q:V→X)∈DX

P·Q ∈ DY
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de Rham theory

de Rham theory

Diffeology — C∞-Spaces/Maps

Construction — Induced diffeology/Mapping sp

de Rham theory — Differential form/Partition of unity

Application — Homotopy/Mayer-Vietoris seq
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de Rham theory

de Rham theory — Differential form/Partition of unity
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de Rham theory Exterior algebra

Exterior algebra
T∗
n = Hom(Rn,R) =

n
⊕
i=1

R dxi {dxi} {ei}

T∗
n Λ∗(T∗

n) =
n
⊕

p=0
Λp(T∗

n) n-domain U

p-form Λp(U) p ≥ 0 domain g : V → U

Λp(g) = g∗ : Λp(U) → Λp(V)

1. ∀U∈Domainn
Λp(U) = C∞(U,Λp(T∗

n))

2. f(x) =
∑

i1<···<ip

ai1,··· ,ip(x) dxi1 ∧ · · ·∧ dxip x ∈U⊂ Rn

g∗(f)(y) =
∑

j1<···<jp

bj1,···,jp(y)· dyj1 ∧ · · ·∧ dyjp y ∈ V

bj1,···,jp(y) = g∗(f)(y)(ej1 ∧ · · ·∧ ejp)

bj1,···,jp(y) = f(g(y))(D(g)(y)ej1 ∧ · · ·∧D(g)(y)ejp)

=
∑

i1<···<ip

ai1,···,ip(g(y))·
∂(xi1

,···,xip)

∂(yj1
,···,yjp )
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de Rham theory Exterior Derivative

Exterior derivative

U n-domain

Exterior derivative d : Λp(U) → Λp+1(U)

1. f(x) ∈ Λ0(U) に df(x) =
n∑

i=1

∂f

∂xi
(x)dxi め

2. f(x) =
∑

1≤i1<···<ip≤n

ai1,··· ,ip(x)dxi1 ∧ · · ·∧ dxip に

め

df(x) =
∑

1≤i1<···<ip≤n

dai1,··· ,ip(x)dxi1 ∧ · · ·∧ dxip

理 d2 = 0
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de Rham theory Compact supp

Differential form
differential form (X,D) diffeological space α X

differential form
1. ∀(P:U→X)∈D α(P) ∈ Λp(U)

2. ∀(P:U→X)∈D ∀F∈C∞(V,U) α(P◦F) = F∗(α(P))

X p differential forms Ωp(X)

differential form with compact support, Izumida (X,D)

diffeological space α ∈ Ωp(X) X

differential form Kα ⊂ X

1. ∀P∈D Supp(α(P)) ⊂ P−1(Kα)

X p differential forms with compact support Ω
p
c (X)
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de Rham theory Compact supp

Differential form

Exterior derivative (X,D) diffeological space
d : Ωp(X) → Ωp+1(X)

1. ∀α∈Ωp(X) ∀P∈D d(α)(P) = d(α(P))

X p differential forms Ωp(X)

differential form with compact support, Izumida (X,D)

diffeological space α ∈ Ωp(X) X

differential form Kα ⊂ X

1. ∀P∈D Supp(α(P)) ⊂ P−1(Kα)

X p differential forms with compact support Ω
p
c (X)
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de Rham theory Partition of unity

Partition of unity
(X,D) diffeological space {Aλ}λ∈Λ X

partition of unity, Izumida {ρλ}λ∈Λ ⊂ Ω0(X) {Aλ}λ∈Λに

1 P ∈ Dに

1. ρλ(P) ≥ 0, ∑
λ∈Λ

ρλ(P) ≡ 1

2. Supp(ρλ(P)) ⊂ P−1(Aλ)

proper partition of unity, Izumida {Aλ}λ∈Λに 1

{ρλ}λ∈Λ ⊂ Ω0(X)に X {Fλ ⊂ Aλ}λ∈Λ

1 {ρλ}λ∈Λ proper
∀λ∈Λ ∀P∈D Supp(ρλ(P)) ⊂ P−1(Fλ)

Izumida X に 1 ら
proper 1 に ら

岩瀬則夫 (九大 数理) Diffeology I 信州大学 17 / 23
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Application

Application

Diffeology — Spaces/Maps

Construction — Induced diffeology/Mapping sp

de Rham theory — Differential form/Partition of unity

Application — Homotopy/Mayer-Vietoris seq
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Application
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Application Homotopy

Paths
(X,D) diffeological space

1. C∞-map γ : [0, 1] → X X path γ(0) = γ(1) loop

2. X path Paths(X) loop Loops(X)

3. A, B ⊂ X

Paths(X;A,B) = {γ ∈ Paths(X) γ(0) ∈ A, γ(1) ∈ B}

1. X x, x ′ ∈ X ∼

x ∼ x ′ ⇐⇒ ∃γ∈Paths(X) s.t. γ(0) = x, γ(1) = x ′

2. X ⇐⇒ ∀x,x ′∈X x ∼ x ′

∼

π0(X) = X/ ∼

岩瀬則夫 (九大 数理) Diffeology I 信州大学 19 / 23
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Application Homotopy

Homotopy

(X,D) (X ′,D ′) diffeological spaces
1. C∞-map f, g : X → X ′ homotopic C∞(X,X ′) f ∼ g

2. X X ′ homotopy equivalent C∞ maps f : X → X ′, g : X ′ → X

f◦g ∼ idX ′ , g◦f ∼ idX

∗ ∈ X π1(X, ∗) = π0(Paths(X; ∗, ∗))
X
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Application Mayer-Vietoris seq

Mayer-Vietoris seq
Iglesias-Zemmour Izumida

de Rham cohomology
H

p
DR(X) =

Ker
(
d : Ωp(X) → Ωp+1(X)

)
Im (d : Ωp−1(X) → Ωp(X))

de Rham cohomology with compact support

H
p
c (X) =

Ker
(
d : Ωp

c (X) → Ω
p+1
c (X)

)
Im

(
d : Ωp−1

c (X) → Ω
p
c (X)

)
I Mに D M C∞ parametrizations

X = (M,D)

1. H
p
DR(M) ∼= H

p
DR(X), H

p
c (M) ∼= H

p
c (X)
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Application Mayer-Vietoris seq

(X,D) diffeological space U = {A0, A1}

理 Izumida, Haraguchi-Shimakawa U 1

· · · → H
p
DR(X) → H

p
DR(A0)⊕H

p
DR(A1) → H

p
DR(A0 ∩A1)→ H

p+1
DR (X) → H

p+1
DR (A0)⊕H

p+1
DR (A1) → H

p+1
DR (A0 ∩A1) → · · ·

理 Izumida, Haraguchi-Shimakawa U proper 1

· · · → H
p
c (A0 ∩A1) → H

p
c (A0)⊕H

p
c (A1) → H

p
c (X)→ H

p+1
c (A0 ∩A1) → H

p+1
c (A0)⊕H

p+1
c (A1) → H

p+1
c (X) → · · ·

理 Iglesias-Zemmour
η : H1

DR(X) → Hom(π1(X, ∗),R) ⇐⇒ η([α]) : [ℓ] 7→ ∫
ℓ

α :=

∫1
0

α(ℓ)

X η

岩瀬則夫 (九大 数理) Diffeology I 信州大学 22 / 23
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Application Mayer-Vietoris seq

(X,D) diffeological space U = {A0, A1}

理 Izumida, Haraguchi-Shimakawa U 1

· · · → H
p
DR(X) → H

p
DR(A0)⊕H

p
DR(A1) → H

p
DR(A0 ∩A1)→ H

p+1
DR (X) → H

p+1
DR (A0)⊕H

p+1
DR (A1) → H

p+1
DR (A0 ∩A1) → · · ·

理 Izumida, Haraguchi-Shimakawa U proper 1

· · · → H
p
c (A0 ∩A1) → H

p
c (A0)⊕H

p
c (A1) → H

p
c (X)→ H

p+1
c (A0 ∩A1) → H

p+1
c (A0)⊕H

p+1
c (A1) → H

p+1
c (X) → · · ·

理 Iglesias-Zemmour
η : H1

DR(X) → Hom(π1(X, ∗),R) ⇐⇒ η([α]) : [ℓ] 7→ ∫
ℓ

α :=

∫1
0

α(ℓ)

X η
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(X,D) diffeological space U = {A0, A1}

理 Izumida, Haraguchi-Shimakawa U 1

· · · → H
p
DR(X) → H

p
DR(A0)⊕H

p
DR(A1) → H

p
DR(A0 ∩A1)→ H

p+1
DR (X) → H

p+1
DR (A0)⊕H

p+1
DR (A1) → H

p+1
DR (A0 ∩A1) → · · ·

理 Izumida, Haraguchi-Shimakawa U proper 1

· · · → H
p
c (A0 ∩A1) → H

p
c (A0)⊕H

p
c (A1) → H

p
c (X)→ H

p+1
c (A0 ∩A1) → H

p+1
c (A0)⊕H

p+1
c (A1) → H

p+1
c (X) → · · ·

理 Iglesias-Zemmour
η : H1

DR(X) → Hom(π1(X, ∗),R) ⇐⇒ η([α]) : [ℓ] 7→ ∫
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α :=
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