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§1. Definition of a polyhedral product

Definition 1.1 (Kishimoto and Levi ’22)

Let (X,A) := ((X1, A1), ..., (Xm, Am)) be a tuple of spaces with Ai ⊂ Xi

for each i and K a simplicial complex with m vertices. The polyhedral product
(X,A)K of the tuple (X,A) corresponding to K is defined by

(X,A)K := hocolimσ∈K(X,A)σ,

where (X,A)σ = Y1 × · · · × Ym with Yi =

{
Ai i /∈ σ
Xi i ∈ σ.

We write (X,A)K for (X,A)K if there are a space X and a subspace A such
that Xi = X and Ai = A for each i.

Remark 1.2
If each ιi : Ai → Xi is a cofibration, then there is an equivalence

(X,A)K
≃w→ colimσ∈K(X,A)σ =: ZK(X,A).
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DJ(K) := ZK(BS1, ∗) : Davis–Januszkiewicz spaces,

ZK(D2, S1) : moment-angle complexes,

For a simplicial complex K with m vertices, (C∗)m ↷ ZK(C,C∗).
ZK(C,C∗)/(C∗)l : toric manifolds, partial quotients (mentioned below), ....

Facts:

The cohomology of DJ(K) is isomorphic to the Stanley–Reisner algebra
(Davis and Januszkiewicz ’91): For a simplicial complex K with m vertices,

H∗(ZK(BS1, ∗);K) ∼= K[t1, · · · , tm]/I(K) =: SR(K),

where K is a field and deg ti = 2 and I(K) denotes the ideal generated by
monomials ti1 · · · tis for {i1, ..., is} /∈ K.

ZK(BS1, ∗) is formal for arbitrary simplicial complex K. (Notbohm and
Ray ’05)

ZK(D2, S1) is not formal in general. (Denham and Suciu ’07)

A toric manifold ZK(C,C∗)/(C∗)l is formal. (Panov and Ray ’08)
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By applying the Félix–Tanré rational models for polyhedral products, we have

Theorem 1.3 (The main theorem)

Let XΣ = ZK(C,C∗)/H be a toric manifolda and H ′ a subtorus of H. For
the partial quotient ZK(C,C∗)/H ′, the following conditions are equivalent.

(i) H ′ = H.

(ii) Hodd(ZK(C,C∗)/H ′;Q) = 0.

(iii) The projection πH′ : ZK(C,C∗)/H ′ → DJ(K) in the fibration (1) is
‘formalizable’.

avia Cox’s construction

L // EG×H ZK(C,C∗)
πH // EG×G ZK(C,C∗) ∼= DJ(K), (1)

where K ⊂ 2[m], G = (C∗)m and L = (C∗)m/H. Observe that dimL =
the dimension of the fan Σ.
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The rest of the talk

§2. An overview of rational homotopy theory (RHT)

§3. The Félix–Tanré model for a polyhedral product and examples
▶ a fibre inclusion
▶ a pair of Lie groups
▶ the pair of the the free loop space of a space and its Borel construction

§4. A characterization of toric manifolds with formalizability of maps
– Sketch of the proof of the main theorem
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§2 An overview of rational homotopy theory (RHT)
Let APL(X) be the polynomial differential forms on a space X, nemely,

a CDGA APL(X) := Set∆
op

(S(X), APL•), where S(X) denotes the singular
simplex and APL• is the simplicial CDGA of polynomial differential forms.

We have an equivalence between the homotopy categories

fNQ-Ho(Top)
Q◦APL( )

//
fQ-Ho(CDGAop)

⟨ ⟩:=|CDGA( ,APL•)|
≃oo

nilpotent rational connected
spaces of finite Q-type

cofibrant connected commu-
tative differential graded alge-
bras (CDGAs) of finite Q-type

Here Q denotes the cofibrant replacement; that is, one has a quasi-iso.

QAPL(X) = ∧VX = ((poly. alg ⊗ exterior alg), d)
≃→ APL(X)

for a space X. ∧VX is called a Sullivan model for X.

Fact: ∃ a natural iso. H∗(APL(X)) ∼= H∗(X;Q) of algebras.
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Some advantages of RHT

In particular, if ∧VX
≃→ APL(X) is a minimal Sullivan model for a simply-

connected space X (that is, d(v) is decomposable for v ∈ VX), then

VX ∼= Hom(π∗(X),Q).

An algebraic model for a fibration F
i→ X

π→ Y is obtained by so-called
the KS(Koszul–Sullivan)-extension.

∧V //
j

//

≃ v
��

∧V ⊗ ∧W
ρ

//

≃ α
��

∧W
u
��

APL(Y )
π∗

// APL(X)
i∗

// APL(F )

(2)

Theorem 2.1 (Halperin ’83. A model of the fibre)

If π1(Y ) acts on H∗(F ;Q) nilpotently, then u is a quasi-isomorphism; that is,
∧W is a Sullivan model for the fibre F .
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Definition 2.2

For a connected space X not necessarily nilpotent, we call a DGA C a (rational
or commutative) model for X if there is a zigzag of quasi-isomorphisms connect-

ing C with APL(X): APL(X)
≃ // • •≃oo ≃ // · · · •≃oo ≃ // C

Theorem 2.3 (A model for an adjunction space)

Let (X,A) be a CW-pair and (∧V, d)
φ
// (∧U, d) (∧W,d)

ψ
oo models for

maps Y A
i //

f
oo X . Suppose that one of φ and ψ is surjective, then there ex-

ists a zigzag of quasi-isomorphisms between APL(Y ∪fX) and the fibre product

(∧V ×∧U ∧W,D)

that is, the product is a commutative model for the adjunction space Y ∪f X.
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§3. The Félix–Tanré model for a polyhedral product
Let ιj : Aj → Xj be the inclusion and φj : Mj → M′

j a surjective model for
ιj , namely, an epimorphism of CDGA’s which fits in a commutative diagram

∧Wj

φj
// //

u ≃
��

∧Vj
v≃
��

APL(Xj)
ι∗j

// APL(Aj)

(3)

with quasi-isomorphisms u and v. For each τ /∈ K, let Iτ denote the ideal of⊗m
i=1 Mi defined by Iτ = E1 ⊗ · · · ⊗ Em, where Ei =

{
Mi i /∈ τ
Ker φi i ∈ τ.

Theorem 3.1 (Félix and Tanré ’09)

There is a zigzag of quasi-isomorphisms connecting the CDGA APL((X,A)K)
and the quotient

(

m⊗
i=1

Mi)/J(K),

where J(K) :=
∑
τ /∈K Iτ .
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Proposition 3.2 (Félix and Tanré ’09)

The Félix–Tanré rational models are natural with respect to surjective models
used in the construction of the models of polyhedral products and an inclusion of
simplicial complexes.

� This model is complicated!

For a simplicial complex K, we say that a CDGA (A, d) is of Stanley–Reisner
(SR) K-type if the underlying algebra A is of the form

m⊗
j=1

(∧Vj ⊗Bj))
/
(bj1 · · · bjs | bj ∈ B+

j , {j1, ..., js} /∈ K),

where Bj is a free commutative algebra.

Proposition 3.3 (K. ’23)

Each polyhedral product (X,A)K has a Stanley–Reisner K-type CDGA model
C; that is, there is a zigzag of quasi-isomorphisms of CDGA’s connecting C and
APL((X,A)K).
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For 1 ≤ j ≤ m, let Fj
ιj−→ Xj

pj−→ Yj be a fibration with simply-connected
base. Assume that H∗(Yj;Q) is locally finite for each j. Then, a relative
Sullivan model p̃j for the map pj gives a commutative diagram of CDGA’s

∧Wj

p̃j
//

≃
��

(∧Vj ⊗ ∧Wj, dj)
ι̃j

//

≃
��

(∧Vj, dj)
≃

��

APL(Yj)
p∗
j

// APL(Xj)
ι∗j

// APL(Fj).

Proposition 3.4

The polyhedral product (X,F )K for the tuple of fibre inclusions ιj has a SR
type CDGA model M((X,F )K) of the form

( m⊗
j=1

(∧Vj ⊗ ∧Wj)
/
(bj1 · · · bjs | bj ∈ Wj, {j1, ..., js} /∈ K), d

)
for which d(Wj) ⊂ ∧Wj and d(Vj) ⊂ (∧≥2Vj) ⊗ ∧Wj + ∧Vj ⊗ ∧+Wj .
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By using the model mentioned above, we have a spectral sequence.

Corollary 3.5

Let K be a simplicial complex with m vertices. For 1 ≤ j ≤ m, let Fj →
Xj → Yj be a fibration with simply-connected base Yj . Then there is a first
quadrant spectral sequence converging to H∗((X,F )K ;Q) as an algebra with

E∗,∗
2

∼=
( m⊗
j=1

H∗(Fj;Q)
)
⊗H∗((Y , ∗)K ;Q)

as a bigraded algebra, where

Ep,q2
∼= (

( m⊗
j=1

H∗(Fj;Q)
)
⊗Hp((Y , ∗)K ;Q))p+q.
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Example 3.6 (A model for the moment-angle complex)

(i) Let S1 → ES1 → BS1 be the universal S1-bundle and K be a simpli-
cial complex with m vertices. Then, we have a model for the bundle of the form

∧(t) → ∧(t) ⊗ ∧(x)
ι̃→ ∧(x), where ι̃ is the canonical projection, deg x = 1

and deg t = 2. It follows from Proposition 3.4 that

M((ES1, S1)K) ∼= (∧(x1, ..., xm) ⊗ SR(K), d)

where d(xj) = tj : the generator of SR(K) = K[t1, · · · , tm]/I(K). Observe
that

ZK(D2, S1) ≃ ZK(ES1, S1) ≃w (ES1, S1)K .
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Example 3.7

Let X be a simply-connected space and LX = map(S1, X) the free loop
space. With the rotation action S1 ↷ LX, we have the Borel fibration

LX
i→ ES1 ×S1 LX = (LX)h

p→ BS1.

Let (∧V, d) be the Sullivan minimal model for X. Then, the sequence

∧(t)
p̃→ (∧(t) ⊗ ∧(V ⊕ V ), δ)

ĩ→ (∧(V ⊕ V ), δ′)

is a model for the Borel fibration, where V
i
= V i+1, δ′(v) = d(v) for v ∈ V ,

s : ∧V → ∧V is the derivation with degree −1, δ′(v) = −sd(v) and

δu = δ′(u) + ts(u)

for u ∈ V ⊕ V . Thus Proposition 3.4 enables us to obtain a Félix–Tanré model
for the polyhedral product ((LX)h, LX)K of the form

(

m⊗
i=1

(∧(Vi ⊕ V i) ⊗ SR(K),
⊗
i

δi).
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Let HH∗(APL(X)) denote the Hochschild homology of APL(X). There
exists an isomorphism

HH∗(APL(X)) ∼= H∗(LX;Q)

of algebras (Vigué-Poirrier and Burghelea ’85). Therefore, Example 3.7 allows us
to obtain the following result.

Corollary 3.8

Let X be a simply-connected space. Then, there exists a first quadrant spectral
sequence converging to the cohomology H∗(((LX)h, LX)K ;Q) as an algebra
with

E∗,∗
2

∼= HH∗(APL(X))⊗m ⊗ SR(K)

as a bigraded algebra, where bideg x = (0, deg x) for x ∈ HH∗(APL(X))
and bideg ti = (2, 0) for the generator ti ∈ SR(K).
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A model for (G,H)K for a pair of Lie groups
Let H

i→ G
π→ G/H be the principal H-bundle. rankG = l, rankH = k.

(Bi)∗ : H∗(BG;Q) ∼= Q[y1, ...yl] // H∗(BH;Q) ∼= Q[t1, ...tk]

=: ∧VBG =: ∧VBH
H∗(G;Q) ∼= ∧(x1, .., xl) =: ∧PG, H∗(H;Q) ∼= ∧(u1, ...uk) =: ∧PH .
We have a model (γ the projection) for the inclusion i:

(∧VBH ⊗ ∧PG ⊗ ∧PH , ∂)
γ

//

≃
��

(∧PH , 0)
≃

��

APL(G)
APL(i)

// APL(H),

where ∂(ui) = ti for ui ∈ PH and ∂(xi) = (Bi)∗(yi) for xi ∈ PG.

Proposition 3.9

One has a rational model of the form

(C, d) := ((∧PH)⊗m ⊗
(
(∧VBH ⊗ ∧PG)⊗m

/
I(K)

)
, ∂) (4)

for the polyhedral product (G,H)K , where I(K) denotes the Stanley–Reisner
ideal generated by elements in (∧VBH ⊗ ∧PG)⊗m.
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§4 A characterization of toric manifolds with formalizability
of maps

Definition 4.1 (J.-C. Thomas ’82)

A map p : E → B is formalizable if there exists a commutative diagram up to
homotopy

APL(B)
APL(p)

// APL(E)

(∧W,d) l //

≃ ��

≃
OO

(∧Z, d′)
≃��

≃
OO

H∗(B;Q)
p∗

// H∗(E;Q)

in which (∧W,d) and (∧Z, d′) are minimal Sullivan algebras and vertical arrows
are quasi-isomorphisms.

Proposition 4.2

The projection πH : XΣ = ZK(C,C∗)/H → DJ(K) in the fibration (1) is
formalizable, where XΣ is a toric manifold.
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Theorem 4.3 (The main theorem)

Let ZK(C,C∗)/H be a toric manifold and H ′ a subtorus of H. For the partial
quotient ZK(C,C∗)/H ′, the following conditions are equivalent.

(i) H ′ = H.

(ii) Hodd(ZK(C,C∗)/H ′;Q) = 0.

(iii) The map πH′ : ZK(C,C∗)/H ′ → DJ(K) in the diagram (5) is formaliz-
able.

We have a commutative diagram consisting of two pullbacks

ZK(C,C∗)/H ′ = EG×H′ ZK(C,C∗)
p

//

πH′
��

(EG)/H ′ //

��

EL′

��

DJ(K) = EG×G ZK(C,C∗)
q

// BG
Bρ

// BL′,

(5)

where K ⊂ 2[m], G = (C∗)m and L′ = (C∗)m/H ′. (Franz ’21)
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Sketch of the proof of the main theorem.
Construct a model for ZK(C,C∗)/H ′ with a Félix–Tanré model for DJ(K)
and the pushout construction:

C′ := (∧(x1, ..., xl) ⊗ SR(K), d(xi) = q∗(Bρ)∗(t′i)),

where l = dimL′.
� ‘(i) =⇒ (ii)’ follows from a general theory of toric varieties.
� (ii) =⇒ (iii) : The sequence d(x1), ..., d(xl) is regular.

Proposition 4.4 (P.F. Baum ’68)

Let A be a connected commutative algebra and a1, ..., at elements of A>0. Set
Λ = K[x1, ..., xt] with deg xi = deg ai and consider A to be a Λ-module by
means of the map f : Λ → A defined by f(xi) = ai. Then the following are
equivalent:

(i) a1, ..., at is a regular sequence.

(ii) Tor−j,∗Λ (K, A) = 0 for all j ≥ 1.

(iii) As a Λ-module A is isomorphic to Λ ⊗ (A/(a1, ..., at)).
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� (iii) =⇒ (i)
Let H ′ be a proper subtorus. Then d(x1), ..., d(xl) is not regular1. Assume that
πH′ is formalizable. We have a commutative diagram

APL((DJ(K))
APL(πH′)

// APL(ZK(C,C∗)/H ′)

(∧W,d) i //

≃ϕ
��

ϕ′ ≃
OO

(∧(x1, ..., xl) ⊗ ∧W,d′)
≃η
��

≃
OO

H∗(DJ(K);Q)
(πH′)∗

// H∗(ZK(C,C∗)/H ′;Q).

(6)

Lemma 4.5

The map Bρ ◦ q : DJ(K) → BL′ in the diagram (5) is formalizable.

Then, the algebraic spectral sequence converging to the torsion group
Tor∗Q[t1,...,tl]

(Q,∧W ) = H(∧(x1, ..., xl) ⊗ ∧W,d′) with

E∗,∗
2

∼= Tor∗,∗Q[t1,...,tl]
(Q, SR(K))

collapses at the E2-term.
1considering the Poincaré series of DJ(K)

Katsuhiko Kuribayashi Rational models of polyhedral products 20 / 22



Then, the fact allows us to obtain a sequence

Tor−1,∗
P (Q, SR(K)) ∼= E−1,∗

0 F−1Tor∗−1
P (Q,∧W )

p
oo i // Tor∗−1

P (Q,∧W ).

Here {F j} : the filtration associated to the spectral sequence, P := Q[t1, ..., tl].
Since d(x1), ..., d(xl) is not a regular sequence, it follows form Proposition 4.4
that there is a non-exact cocycle

w =

l∑
j=1

ujxj − z

in F−1Tor∗−1
Q[t1,...,tl]

(Q,∧W ), where ui and z are in ∧W .

The element z is of odd degree (because ∗ above is even) and in the image of the
map i; see (6). Moreover, ZK(C,C∗)/H ′ is 1-connected. Thus, since
Hodd(DJ(K);Q) = 0, it follows that

H∗(η)([w]) =

l∑
j=1

η(uj)η(xj) − (πH′)∗ϕ(z) = 0,

which is a contradiction.
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A generalization
Let G be a compact connected Lie group. We have (homotopy) pullback diagrams

XK,(G,H) := E(ΠmG) ×H (EG,G)K
p

//

π
��

E(ΠmG)/H //

��

EL

��

E(ΠmG) ×ΠmG (EG,G)K
q

// B(ΠmG)
Bρ

// BL,

(7)

where H is a normal subgroup of (ΠmG) and L = (ΠmG)/H.

Theorem 4.6

Suppose that Hodd(XK,(G,H);Q) = 0. Then XK,(G,H) is formal.

Corollary 4.7

With the same notation as above, suppose that Hodd(XK,(G,H);Q) = 0 and
H∗(XK,(G,H);Q) ∼= H∗(XK′,(G′,H′);Q). Then XK,(G,H) ≃Q XK′,(G′,H′)

if the spaces are nilpotent. In particular. if H∗(XΣ;Q) ∼= H∗(XΣ′ ;Q), then
XΣ ≃Q XΣ′ .

Katsuhiko Kuribayashi Rational models of polyhedral products 22 / 22


	§1 Introduction – Polyhedral products and the main theorem –
	An overview of rational homotopy theory
	§3. The Félix–Tanré model for a polyhedral product
	§4 A characterization of toric manifolds with formalizability of maps

