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ABSTRACT. We bring spaces over the classifying space BS! of the circle group
S1 to persistence theory via the singular cohomology with coefficients in a
field. Then, the cohomology interleaving distance (CohID) between spaces
over BS! is introduced and considered in the category of persistent differential
graded modules. In particular, we show that the distance coincides with the
interleaving distance in the homotopy category in the sense of Lanari and
Scoccola and the homotopy interleaving distance in the sense of Blumberg and
Lesnick. Moreover, upper and lower bounds of the CohID are investigated
with the cup-lengths of spaces over BS!. As a computational example, we
explicitly determine the CohID for complex projective spaces by utilizing the
bottleneck distance of barcodes associated with the cohomology of the spaces.

CONTENTS
L___Infroduction 1
IL.1. Future work and perspectivqg 3
K. 1he interleaving distance and the bottleneck distanceg 4
E.I.  Inferleavings up to homotopy 6
p. Interleavings up to _homotopy between persistence dg moduley 7
K. Interleavings of dg I&|u|-moduleq 9
b. The cohomology interleaving of spaces over BS"| 17
b._Tov exampled 21
[Acknowledgmentyg 27
[Appendix A.__Some rational homotopy invariants and the CohlD)| 27
RBeferenced 29

1. INTRODUCTION

Persistence theory is developed rapidly in topological data analysis through the
study of persistent homology and representations of algebras. Recently, persistence
objects values in a category C, namely, objects in the functor category C®<), are
investigated from the homological and homotopical points of view. As a conse-
quence, for example, we have two-variable homotopy invariants. Indeed, Blumberg
and Lesnick [R] introduce the homotopy interleaving distance dyr and the homotopy
commutative interleaving distance dyc for persistence objects valued in a model
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category M. In [B5], Lanari and Scoccola define the interleaving distance in the
homotopy category, denoted drpic, in the functor category M®=) for a cofibrantly
generated model category M. Here the term distance means an extended pseu-

dometric on a class. By a categorical consideration, for example, [IT, Proposition
3.6], it is readily seen that
(1.1) duc < dmc < dun

on the class of objects in M®=). Moreover, the result [35, Theorem A] asserts
that dgr < 2dgc. Let Top be the category of topological spaces. Then, by [B5,
Proposition 3.12], we see that ¢ > % if dyr < edpc on Top(R’f) and hence dy # duc
in general. Remarkably, this result is proved by using the notion of the Toda
bracket; see [35, Section 3.2]. It is worthwhile to note that a positive answer to a
version of the persistent Whitehead conjecture [8, Conjecture 8.6] is given by deeply
considering interleavings in the homotopy category Ho(Top®=)); see [85, Theorem
B, Remark 5.14].

In this article, we introduce the cohomological interleaving distance dconrx for
persistence objects valued in Chg the category of differential graded (dg) modules
over a field K. Then, we show the equalities

dcon1,k = duc = dmuc = dmr

for objects in Chg’é) ; see Theorem B3 for more details. Thus, we may compute the
distances up to homotopy of persistence dg modules by using the bottleneck distance
of barcodes associated with the cohomology groups of the given persistence objects.

In persistence theory, the primary topological objects considered so far are sim-
plicial complexes and the sublevel set of a map. The latter half of this article
investigates spaces over the classifying space BS! of the circle group S! in persis-
tence theory, specifically examining the cohomology interleaving distance dconrx

between such spaces. In fact, we bring a space over BS?! to the category Chg’g) of
persistence dg modules via the singular cochain functor C*( ;K) with coefficients
in a field K; see Section B. As Theorem B3 aforementioned, an algebraic result
(Theorem B77) yields that the cohomology interleaving distance between spaces
over BS! coincides with the homotopy interleaving distances duc, dinc and dr
for the spaces. Moreover, Propositions b3 and 6 allow us to obtain upper and
lower bounds of the cohomology interleaving distance of spaces over BS' with the
cup-lengths of the spaces

We have many computational examples of the distance dconr,x. Some of them en-
able us to realize the triangle inequality of the distance. For instance, let S — CP!
be the principal S'-bundle and M} — M; the S*-bundle described in Proposition
B3 and Remark B4 for j = 0 and 1. Observe that the total space M j’ has the ratio-
nal homotopy type of S3 x S x S7 for each j = 0,1. We regard the base spaces of
the bundles as spaces over BS! with the classifying maps. Then, by Propositions
B2, b8, 63 and B9, we have the tetrahedron (I2) below. It also follows that the
distance dcoonr,g of the spaces in (IZ2) and the Borel construction of the free loop
space of a simply-connected space are infinite; see Example G4

We anticipate that the study of the cohomology interleaving of spaces developed
in this article will bring new insights into persistence theory and topological com-
parison between spaces as the Gromov-Hausdorff distance is used in the study of
Riemannian manifolds. Indeed, when we compare two spaces p : X — BS' and
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g:Y — BS!, it is natural to rely on an appropriate morphism between the spaces
over BS', namely a continuous map f : X — Y with qgo f = p. However, we may
compare spaces over BS! with the cohomology interleaving distance even if there
is no such morphism of the spaces; see Remark E-4 and Proposition 4.

d(CPYMy)= Here pt is the space over BS?!

(1.2) CcP? M;  with the trivial map from the
d(pt, Ml)— . .

d(pt,CPY) ‘ \ one point to a base point

CP! Mo)=2 and d(X,Y) stands for the

d(Mo,M1)=3 cohomology interleaving dis-

d(pt, Mo)=2 tance doonr,o(X,Y) between

spaces X and Y.

An outline of the manuscript is as follows. Section B recalls the interleaving
distance of persistence objects and the bottleneck distance of persistence vector
spaces. In Subsection B, the homotopy interleaving distances dgc, digc and dyp
are defined. In Section B, we show the formality of a persistence differential graded
module over (Z,<); see Lemma BH. This fact allows us to prove Theorem B3.
Section @ addresses the interleaving distance of dg K[u]-modules, where degu = 2.
Moreover, we prove Theorem EZ71 mentioned above. We also consider the bigraded
K[t]-module E** associated with a filtered K[t]-module H*, where degt = 1. As
a consequence, Lemma B9 enables us to recover the K[t]-module structure of H*
from that of E** with no extension problem. Propositions EE12 and B3 proved in
Section @ are helpful in computing the cohomology interleaving distance between a
persistence dg module with a small barcode and a general one.

In Section B, by applying the results described in the previous sections, we con-
sider the cohomology interleaving distances in three classes consisting of spaces
over BS'. Example 521 mentioned above indeed asserts that the distance dcon1,k
between spaces, which belong to the different classes, is infinite. Section B is ded-
icated to explaining explicit calculations of the cohomology interleaving distances
of the complex projective spaces and the orbit spaces My and M; in (I2).

Appendix @ deals with some rational homotopy invariants, whereby we observe
a difference between spaces having the positive cohomology interleaving distance.
In particular, the rational toral ranks and the cup-lengths of the orbit spaces in
Section B are considered. While as mentioned above, the cup-length is related to
the cohomology interleaving distance, a relationship between the rational toral rank
and the distance is currently unclear.

1.1. Future work and perspective. As mentioned above, Blumberg and Lesnick
[8] have introduced the homotopy interleaving distance dpy for R-spaces, namely
objects in Top(]R =), ; see also [35]. In particular, the distance satisfies the condition
dg1(X,Y) =0 Whenever X ~Y; see [R, Theorem 1.9].

By getting used to the algebraic interleaving distances in this article, we may
introduce and consider the rational homotopy interleaving distance of R-spaces. To
this end, we deal with the interleaving distance in (CDGA®P)®<) whose objects
are persistent commutative differential graded algebras; see [26, 42]. We also refer
the reader to [I2] for the study of tame persistence objects values in a more gen-
eral model category. It is worthwhile mentioning that homotopy invariants, which
are obtained by applying the singular chain complex functor and the cohomology
functor to a persistence space, give rise to more fruitful structures endowed with
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for example the cup products and Steenrod operations in persistent theory; see
[B, 06, 22, 87, BR]. It may be possible to investigate each space but not a persis-
tence space with the structures via the functor C' introduced in Section B.

It is also in our interest to consider multiparameter persistence theory in for
example [B3, BA]. In fact, spaces over the classifying space of a higher dimensional
torus give rise to such objects in the theory via the singular cochain functor. Thus
we may investigate the moment-angle complexes that appear in toric topology from
the viewpoint of multiparameter persistence theory; see [B] for a related issue.

2. THE INTERLEAVING DISTANCE AND THE BOTTLENECK DISTANCE

We begin by reviewing the interleaving distance introduced in [I3] and results
in [M0] related to the distance, which we use extensively in this article. Let (R, <)
be the poset defined with the usual order. Considering the poset as a category, we
have the functor category C®=) for a category C. For a real number ¢ > 0, define
a functor T, : (R,<) — (R, <) by T.(a) = a + . Moreover, we define a natural
transformation 7. : idr <) = T: by n-(a) :a < a+«.

Definition 2.1. ([I3, Definition 4.2], [i0, Definition 3.1]) Objects F' and G in
C®2) are e-interleaved if there exist natural transformations ¢ : F = GT. and
VG = FT,, ie.,

R, <) —=> (R, <) —=> (R, <)

Fi/c’l/w

c c

such that (¢7T.) o ¢ = Fne. and (¢T:) o ) = Gnae, where o denotes the vertical
composition of natural transformations. Such a tuple (F,G,¢,v) is called an e-
interleaving.

Remark 2.2. The shift functor ()¢ : C®=) — C®:=) is defined by ( )°(F) = F* :=
FT.. Then, we see that (F,G, p,1) is an e-interleaving if and only if the tuple fits
in the commutative diagrams

(2.1) F Fe F2

Ge GZE

in which horizontal arrows are the natural transformations defined by the structure
maps of F' and G. The identities on the natural transformations in Definition EZ1I
imply the commutativity of the diagrams

22) F() F(i—i+2¢)

&(

F(i+2) and

)w%s)

i€

G(i + 2¢)

F(
wy
ite G(0) G(i—i+2e)
for all i € R. We note that F is isomorphic to G in C®®=) if and only if F and G

are O-interleaved.
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Definition 2.3. For objects F' and G in C®=) the interleaving distance di(F,G)
between F' and G is defined by

di(F,G) :=inf({e > 0| F and G are e-interleaved} U {oc}).

Remark 2.4. Let C be an additive category and I a set. Suppose that for i € I
(F;, Gy, i, 1;) is an e-interleaving in C®:2). Then, we see that @;crF; and ®,;c;G;
are c-interleaved with ®;cr¢; and B;ert);.

Theorem 2.5. [0, Theorem 3.3] The function di defined above is an extended
pseudometric on the class of objects in C®=),

Remark 2.6. The closure theorem implies that the interleaving distance is a metric
on isomorphism classes of finitely presented (multidimensional) persistence mod-
ules; see [B6, Section 6] for more details.

In what follows, let K be a field of arbitrary characteristic and Modg the category

of vector spaces over K unless otherwise specified. We refer to an object in Mod]g%’é)
as a persistence vector space.

FEzxample 2.7. Let F and G be persistence vector spaces. Suppose that there exists
a real number ¢ such that F(j) = 0 for j > 6. Moreover, we assume that there
exist ¢ € R and an element x € G(i) such that G(i — i + §')(z) # 0 for every
§’ > 0. Then, it follows that di(F,G) = oo. In fact, suppose that F and G are
e-interleaved. We choose a positive number &' so that ¢ > ¢ and ¢ + & > 4.
By virtue of [T, Lemma 3.4], we see that F' and G are ¢’-interleaved. Then, the
commutativity of the right-hand side diagram in Remark 27 enables us to deduce
that G(¢ — ¢ + 2¢’)(x) = 0, which is a contradiction.

Let K[t] be the polynomial algebra generated by an element ¢ with degree 1. For
a graded KJt]-module

(2.3) K =Pz Kt o @ (K[H/(t9)),
i=1 j=1

we define the barcode By associated with K by the multiset consisting of intervals
[ai, 00) and [b;, bj+c;). Here, £ stands for the shift operator with degree +; that is,
(XPA)? = Al We also deal with the case where n and n’ are infinite. The result
[@1, Theorem 1] implies that a bounded below graded K[t]-module decomposes
uniquely into the form such as (23)®. Furthermore, let J be an interval, namely, a
subset of R which satisfies the condition that if r < s < t with r,¢t € J, then s € J.
We define an object x; in I\/Iod]E(R’S)7 called an interval module, by

K ifzeld, dg ifz,yed,
— < —
X () { 0 otherwise, Xs(@<y) { 0  otherwise.

Then, the barcode By associated with a graded K[t]-module K gives rise to the
object x(Bi) in Mod{""=) defined by @ sep, X

We call a persistence vector space K locally finite (pointwise finite-dimensional)
if dim K () < oo for t € R. We observe that a locally finite persistence module can
be decomposed uniquely as a direct sum of interval modules; see [d, IR, &3].

*The uniqueness of the decomposition follows from the Krull-Remak—Schmidt—Azumaya
theorem.
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Lemma 2.8. ([0, Proposition 4.12 (2)(3), Proposition 4.13(3)]) Let J and J' be
finite intervals.

(1) If J' =0 and J has endpoints a and b, then di(xj, xJ/) = Z’_Ta,

(2) If J and J' have endpoints a, b and o', V', respectively, then

b—a b —d
dI(XJ7XJ,):min{max{|a_al,b—b/|}7max{ a a }}

2 72
(3) If sup(I) = co = sup(l’) and I and I' have left end points a and o', then
di(xr xr) = la—d'l.

For multisets A and B, define the multiset Ap by Ap := AIL (][ 5{0}). We
write f : A <> B for a bijection f: Agp — Bj.

Definition 2.9. Let S and T be two barcodes. Define the bottleneck distance
between S and T by

T) := inf
dg(S,T) f:gnHTIEdSLlE(f)dI(XIaXf(I))a

where yr and xgy denote the constant functors K and 0, respectively.

Theorem 2.10. (The isometry theorem) ([0, Theorem 4.16], [I4d, Theorem 4.11])
For locally finite graded K[t]-modules K and K', one has

di(x(Bk), x(Br")) = ds(Bx, Br).

Observe that the bottleneck distance with the {*°-metric introduced in [[@] co-
incides with that in Definition ET9; see [0, Section 4.3] for details.

We conclude this section by recalling interleaving distances up to homotopy
introduced in [, B5)].

2.1. Interleavings up to homotopy. Let M be a cofibrantly generated model
category and M®=) the model category endowed with the projective model struc-
ture; see |28, Theorem 11.6.1].

(1) For objects X and Y in M® =) we say that X and Y are e-homotopy interleaved
if there exist X ~ X’ and Y ~ Y” such that X’ and Y are e-interleaved in M®=);
see [B, Section 3.3]. Here W ~ W' means that there is a zigzag of weak equivalences
connecting W and W',

(2) We say that objects X and Y in M®=) are e-interleaved in the homotopy
category if they are e-interleaved in Ho(M®=)). Observe that the shift functor
()e: M®B2) 5 MRS preserves weak equivalences. Thus, we can consider the
commutative diagram (E1) in Ho(M® <)),

(3) Let g : M®S) — Ho(M)®=) be the functor induced by the localization
functor ¢ : M — Ho(M). We say that X and Y in M®=) are e-homotopy
commutative interleaved if ¢, X and ¢.Y are e-interleaved in Ho(M)®<)

Let X and Y be objects in M®=), Blumberg and Lesnick [§] introduce the
homotopy interleaving distance and the homotopy commutative interleaving distance

defined by
dpr(X,Y):=inf({e > 0| X, Y are e-homotopy interleaved} U {oo}) and

dpc(X,Y):=inf({e > 0| X,Y are e-homotopy commutative interleaved} U {oco}),
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respectively. Moreover, Lanari and Scoccola [B5] introduce the interleaving distance
in the homotopy category define by

dinc(X,Y):=inf({e > 0 | X,Y are e-interleaved in the homotopy category}U{oo}).

Observe that Berkouk has defined the distance in the derived category of multi-
parameter persistence modules; see [2, Section 3] for more detail.

We exhibit relationships among the three distances. We first observe that the
homotopy interleaving distance is also extended pseudometric on the class of objects
in M®%); see [8, Section 4] and |85, Proposition 2.3]. By applying the universal
property of the homotopy category of Ho(M®=)) to the functor ¢, mentioned
above, we have a functor 6 : Ho(M®=)) — Ho(M)®=); see the diagram (£2)
below. Thus, we establish the inequalities ().

3. INTERLEAVINGS UP TO HOMOTOPY BETWEEN PERSISTENCE DG MODULES

Let Chg be the category of differential graded (dg) modules, whose objects are
not necessarily bounded. The differential of each object is assumed to be of degree
+1. Let P be a poset. We view P as a category with the unique arrow i — j if
i < j. Then, the functor category Chk is the model category endowed with the
projective model structure; see [4, Theorem 3.3] and [28, Theorem 11.6.1]. Thus,
the three distances dyc, digc and dyp are defined on the class of the objects in
Chg’g). We may call an object in Chg’g) a persistence dg module.

Let 7% : grMod5"=) — Mod{"=) be the functor defined by (n*)(V)(i) = V(i)

for each integer k and (H), : Ch]%@’g) — ngod]%R’S) the homology functor.

Definition 3.1. The cohomology interleaving distance dcon1(X,Y") of persistence
dg modules X and Y is defined by

doont (X, Y) = sup{di(n® (H).(X),n* (H).(Y)) | k € Z}.
Remark 3.2. The composite n*(H.,) gives rise to a functor Ho(ChI(KR’S)) — I\/Iod]g&’g)
for each k. It is readily seen from [T, Proposition 3.6] that dconr (X, Y) < duc(X,Y).
The main theorem in this short section is as follows.

Theorem 3.3. One has the equalities dyc = dipc = dur = dcoonr on the class of
: ; (R,<)
the objects in Chy =",

We prove the theorem by applying the following proposition.
Proposition 3.4. Let X andY be objects in Chg’g) and m a non-negative integer.

If (H(X),0) and (H(Y),0) are m-interleaved in Ch%’g), then X and Y are m-

homotopy interleaved in Ch%’é).

In order to prove Proposition B4, we regard a persistence dg-module X as a
differential bigraded (dbg) K[t]-module (a cochain complex of graded K[t]-modules)

P x@).d

(i,n)€Z?

for which (,, X(7)",d) is a dg module for each i and the module structure xt :
X (i)™ — X (i + 1)™ is given by the structure map X(¢: — ¢ + 1). Observe that
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xtod = doxt. We show that (D ez X()",d) =~ (D nyeze H*(X(1)*),0) as
a persistence dg module.

The following lemma is a generalization of the assertion of [0, Remark 3.7] to an
unbounded case.

Lemma 3.5. For a persistence dg module (X,d), there exist a dbg K[t]-module Q
and quasi-isomorphisms X & Q = H(X) of dbg K[t]-modules. As a consequence,
X ~ H(X) in Ch{"),

As seen in Remark B@ below, Lemma B3 follows from a more general result. We
here prove the lemma by a constructive approach.

Proof of Lemma BA. Let {[bA(7)*]} be a set of generators of H(X) as a bigraded
K[t]-module, where by ()" is in X (i)*. Observe that H(X) = Dy H"(X(0)).

Let Fy be the free K[t]-module generated by {bx(i)¥}. Since K[t] is a principal
ideal domain as an ungraded ring, it follows that the kernel of the composite of
the natural map ¢ : Fy — Ker d and the projection p : Ker d — H(X) is a free
ungraded K[t]-module. Let B = {f,(i)*} be the basis of the kernel. The proof
of [29, Theorem IV 6.1] enables us to choose each element of the basis B to be
homogeneous; see also [27, Theorem 5.1]. In fact, the proof is applicable to the free
K[t]-module generated by {b(i)* | k = N} for each homological degree N. We
assume that f,(4)" is of bidegree (n,1).

Let Fi be the free K[t]-module generated by {c,(i)"}. We define the differential
D : Fi1 — Fy by D(a,(i)") = fu(i)". We observe that the element «,,(i)" is of
bidegree (i,m — 1). Since (p o ¢)(fu(2)™) = 0 for each element f,(¢)" in the basis
B, there exists an element z,(#)” in X such that ¢(f,(¢)") = d(2,(i)"). We define
a morphism v : Q = (Fy @ Fy, D) — X of dg K[t]-modules by v(by(i)*) = by (i)*
and (v, (i)™) = 2,(i)". Moreover, we have a quasi-isomorphism g : Q = H(X)
defined by g(x + y) = [z], where z € Fy and y € Fj. O

Remark 3.6. We may call an object M in Ch]%’g) formal if there exists a sequence

(zigzag) of quasi-isomorphisms which connects M and H*(M) in Chg’g). Thus by
Lemma B, every persistence dg module is formal.

An object M in Chg’g) is regarded as a chain complex of graded K[t]-module
and then an object in the derived category of graded K[t]-modules. Thus, Lemma
B3 follows from the more general result [31, Proposition 4.4.15] which asserts that
every object in the derived category of an abelian category A is formal (quasi-
isomorphic to its cohomology in the sense in [31]) if and only if A is hereditary; that
is, the functor Exti‘(—,—) vanishes. Therefore, the result on the derived category
implies that Lemma B8 cannot be generalized to an assertion for multi-parameter
persistence dg-modules. In fact, the second Ext functor does not vanish in the
category of graded K[¢t]®*"-modules for n > 2.

Proof of Proposition 4. Let X and Y be persistence dg-modules. Then, the as-
sumption and Lemma B& imply that X and Y are m-homotopy interleaved. (|

The following assertion and its proof are inspired by those of [B5, Theorem AJ;
see the paragraph after (1) in Introduction.
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Proposition 3.7. Let X and Y be objects in ChG"=). If (H(X),0) and (H(Y),0)
are 0-interleaved, then X and Y are §'-homotopy interleaved for each &' greater
than §.

Proof. We recall the self-functor (M;) on Ch]%R’S) for each positive number t €
R defined by M;(r) = t x r; see [B5, Section 3]. Let m be a positive integer.
Then, by [85, Lemma 3.1], we see that (Ms/n,)"H(X) and (Ms/n,) H(Y') are m-
interleaved and hence t*(Ms,y,)* H(X) and *(Ms,,,)*H(Y') are m-interleaved in
Chg’g), where (* : Chg’g) — Ch%’g) is the functor induced by the inclusion
t : Z — R. The homology functor is compatible with the functor ¢*(Ms/m,)".
Thus, Proposition B4 enables us to deduce that ¢*(Mjs,,,)* X and t*(Ms/,)*Y are

m-homotopy interleaved in ChI(KZ’S).

It follows from [85, Lemma 3.2] that (Ms/,)*X and (Ms,,,)*Y are (m + 2)-
homotopy interleaved in Ch]%{’g). Therefore, there exist objects X’ and Y’ with
(Ms/p)* X ~ X" and (M;/,)*Y ~ Y’ such that X’ and Y are (m 4 2)-interleaved
in Chg’g). Then, it follows that (M,,/s)* X’ and (M,,/s)*Y" are (0 + 2(6/m))-
interleaved. We observe that X =~ (M,,5)*X" and Y ~ (M,,,5)*Y’. It turns out
that X and Y are (6 4+ 2(6/m))-homotopy interleaved in Ch]ggR’S). O

Proof of Theorem 3. We have the inequalities in (I0) and Remark B2. Then,
in order to prove the theorem, it suffices to show that dur < dconrx. For any
e > 0, let § be the positive number dconi (X,Y) +¢. Since H(Z) = @y>on*(H.)(Z)
for a persistence dg-module Z, it follows from Remark A that (H(X),0) and
(H(Y),0) are d-interleaved in Ch]E(R’S). Proposition BZ@ enables us to deduce that
dm(X,Y) <6+ =deont(X,Y) + e+ ¢ for any ¢’. We have the result. O

Remark 3.8. In [B], Berkouk has considered the homotopy interleaving distance in

d
the derived category D~ of the category Mod%R =) of multi-parameter persistence

modules whose objects are bounded below. In particular, the result [, Theorem 2]
d

asserts that the canonical functor ¢ from l\/Iod]géR =) to D™ is object-wise isometric

with respect to the interleaving distance and the interleaving distance in the homo-

topy category described in Section B, respectively. Theorem BZ3 implies that the

functor ¢ factors through the category (Ch]g(R’S), dconr) with object-wise isometric

functors when d = 1 and Chg’g) is restricted to cochain complexes bounded above
in objects.

4. INTERLEAVINGS OF DG K[u]-MODULES
Let K[u] be the polynomial algebra generated by an element u with degree 2.

Definition 4.1. A differential graded module {M', 8} is a differential graded (dg)
K [u]-module if the complex has a K-linear map u : M' — M'*2 which satisfies the
condition that wod = Jou.

Let K[u]-Ch denote the category of dg K[u]-modules. In order to develop per-
sistence theory for dg K[u]-modules, we assign a persistence dg module to each dg
K[u]-module via a functor. For a dg K[u]-module M = {M!, d}, we define a functor

C : K[u]-Ch — Ch{"<) by C({M!,8})(i) = £2'M and
C{M",0})(i = i+1): C{M',0})(i) =5 C{M",0})(i + 1)
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with the multiplication by w.
As seen in Section B, the functor C' allows us to bring topological spaces over
BS' to persistence theory.

(41) - 22M ZE M ZES2MESAM -
The diagram (E) explains the
persistence module C'(M). The

ﬁ T /F vertical arrows are differentials
0 ) . : in the dg K[u]-module M.
M M= M - As for the functor h* defined
f f ! 4 below, h M and h' M are direct
M M* M? M? sums of the cohomology groups
MA*Q ]\20 ]\22 ]\24 ~ of the third and second rows, re-
A ) A A spectively.

M-t M! M3

Let K[t]-grMod stand for the category of graded K[t]-module. An object K
in Modﬁg’g) gives the graded K[t]-module v(K) := ®;czK (i) with the module
structure defined by t K ( i) = K(i +1). It is readily seen that + gives rise to an
isomorphism ~ : Mod :> K[t]-grMod of the categories. We recall the functors

Ch(]R <) (—g rMod(R <) Modg{’g) mentioned before Definition BXl. Moreover,

we have maps (Z, <) % (R, <) L (Z, <) of posets defined by the usual inclusion ¢
and the floor function | |, respectively. Observe that with | | ot = 1. Thus, we
obtain a commutative diagram consisting of categories and functors

(NN

(4.2) Klu]-C Ch (Z.<) (H%) ngod(Z Chﬁf’g) L Ho(Chg)®=)
\L Y’“hq \Lnk lnk(M Te
v z,<) (LD~ R,< R,<
D(K[u])  K[f-grMod £ Mod"=) "= Mody"=) < §k7Ho(Ch]§< <)
J/ /; >\§ vvvvv e g
"

u]-grMod  (BAR, dp) (ModF=) ).

Here D(KJu]) denotes the derived category of dg K[u]-modules; see [30, B2, ¢ is the
localization, h is the homology functor, S* is the functor defined by S°(M) = @; M?
and SY(M) = @&; M?*+1. We remark that (S°(M))* = M?* and (S1(M))* = M2i+1.
The pair (BAR,dg) stands for the set of barcodes (multisets of intervals) endowed
with the bottleneck distance and (l\/lod%R’S)7 dr) is the class of the diagrams endowed
with the interleaving distance. The wave arrows denote the assignments of the
objects, where By is defined in the class of locally finite K[t]-modules. The result
[[0, Theorem 4.16] asserts that x gives an isometric embedding if the domain is
restricted to the set of finite barcodes. Moreover, the functors y and ¢ in (E22) are
induced by the universality of the homotopy categories D(K[u]) and Ho(Ch]%R’S))7
respectively.
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Remark 4.2. (i) It follows from the definition of the functor h* that H(M) = H(N)
for M and N in K[u]-Ch if hEM = h¥N for k = 0 and 1. (ii) Every dg K[u]-module
M is formal in the sense that M = (H(M),0) in D(K[u]). This fact follows from
the proof of Lemma B3.

Remark 4.3. We may regard the set of morphisms from F' to G in Ho(Ch]E(R’S))

as the homotopy set of maps from F to é, where F and G denote the cofibrant
replacements of F' and G, respectively. In this manuscript, we do not use an explicit
form of the cofibrant replacement; see [28, Section 11.6] for the form. Observe that

all objects in Ho(Ch]%R’S)) are fibrant; see [, Theorem 1.4].

Definition 4.4. Let M and N be dg K[u]-modules. Then, the even cohomol-
ogy wnterleaving distance d%ohI(M , N) and the odd cohomology interleaving distance
déon (M, N) are defined by

di(X(Bsong(ar))s X(Bsong(ny)) and di(x(Bsiag(ar)), X(Bsiag(n))),
respectively; see the diagram (£2) for the functors h, ¢ and S* .
By Theorem P10 and the commutativity of the diagram (B72), we establish
Proposition 4.5. d& (M, N) = d(Bgkpgar, Bskngn) for k=10 and 1.

We have the natural functor 6 := ¢& : Ho(Ch]%R’S)) — Ho(Chg)®=) which is

induced by the localization functor q. Let v*( ) : K[u]-Ch — Modg’g) be the
composite (| |)* on* o (H), o C. Then, it turns out that

(4.3) deom(M,N) = di(V"M,v*N)
< di((@opoq)M,(6opoq)N)
< di((poq)M,(noq)N)

for k = 0, 1 and dg K[u]-modules M and N. The inequalities follow from [IT,
Proposition 3.6].

Let « : K[u]-Ch — Chg{’g) be the functor (| |)* o C. Then, we observe that
duc(aM,aN) = di((fopoq)M, (8opuoq)N) and digc(aM,aN) = di((pnoq)M, (o
q)N); see Section B for the distance dyc and dipgc.

The following proposition shows the reason why we consider the interleaving
distances df,,,;(M, N) for k=0 and 1 only.

Proposition 4.6. For each | € Z, it holds that d} (M, N) = di(v* M,v* N) and
dg (M, N) = dy(v* 1M, v H1IN).

Proof. We recall a translation functor (1) : (R, <) — (R, <) defined by ()t =t +1
and the functor (1)* : Modg’g) — Modg{’g) induced by (I). We see that (v2\)M =
(D*(¥°)M and (V)M = (1)*(v')M. Tt follows that

e (M, N) = di((=1)*(v* )M, (=0)* (V" )N) < di((v*)M, (v*')N)
< d%ohI(M7 N)
By the same argument as above, we have the second equality. O

We describe our main theorem in this section.
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Theorem 4.7. The equalities
duc(aM,aN) = digc(aM,aN) = dgi(aM, aN) = max{ds, (M, N) | k=0,1}
hold for dg K[u]-modules M and N.

In what follows, we may write dconr (M, N) for max{d% ,;(M,N) | k=0,1} and
call it the cohomology interleaving distance of dg K[u|-modules M and N. By the
commutativity of the diagram (B=2) and Proposition B8, we see that deonr (M, N) =
dcont(a(M), a(N)) for dg Klu]-modules M and N, where the right-hand side stands
for the distance of persistence modules described in Definition B.

Proof of Theorem F1. We recall the inequalities (23). In order to prove the asser-
tion, it suffices to show that dyr(aM,aN) < dconi(M, N) =: e. We observe that
the funcor « is compatible with the homology functor. Then, Lemma B3 allows us
to deduce that oL ~ H(aL) = aH(L) for a dg K[u]-module, where oo = (| |)* o C
by definition. Therefore, we have that dyi(aM,aN) < di(aH(M),aH(N)). More-
over, with the same notation as in the proof of Proposition B8, we see that for each
dg K[u]-module L,

aH(L) = @&ez((1) v H(L) & (1)"v' H(L)),

where (1)*vF H(L) is regarded as a persistent dg module concentrated at degree 214k
for k = 0 and 1. Since ¢ > d¥_,;(M,N) = d& ,;(HM,HN) = di(v*"HM,v*NH)
for k =0 and 1, it follows from Remark P4 that di(aH (M), aH(N)) <e. O

Proposition 4.8. Let M and N be dg K[u]-modules. (i) If dg,. (M, N) < %, then
hEM = hEN as a K[t]-module.

(ii) Suppose that diuc(aM,aN) < i. Then aM = aN in Ho(Ch]%R’S)). Thus,
the distance digc is an extended metric on objects in the image of a : K[u]-Ch —

Chi=),

Proof. (i) Let F and G be the persistence modules v* M and v* N, respectively. By
the assumption, there exists a positive real number ¢ less than % such that F and G
are c-interleaved. For each integer ¢, we consider the commutative triangles in the
diagram (22). In view of a property of the floor function, we see that F(i — i+ 2¢)
and G(i — i+ 2¢) are isomorphism for each integer i. Therefore, the maps ¢(i) and
p(i+¢) are injective and surjective, respectively. Moreover, we have a commutative

diagram

F(i+e)

()

LP(i‘i’E) G(i .
G(Z n 25) (i+e—i+2¢)

— G(i+e¢)

in which horizontal arrows are isomorphisms. Thus, it follows that ¢(i) is an
isomorphism for each integer i. We observe that G(i + &) = G(7). It turns out
that WM = @&;H*M = &;°M(i) = ®°N (i) = &;H*N = h°N and h'M =
OHP M = @t M (i) = & N(i) = ®;H* TN = h' N as K[t]-modules.

(ii) We see that M is formal and then aM = «H (M) in Ho(Chg"S)); see Remark
B2 (ii). The same isomorphism holds for N. Then, the assertion (i), Theorem B2
and Remark B72 (i) yield the result. O
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As mentioned in Introduction, we consider a filtered K[t]-module, where degt =
1. Let H* be a non-negatively graded K[t]-module with a filtration

Hk:FODFlD~~-3Fij...DFk+1:O

of K[t]-submodules for k£ > 0. Suppose that tF* C F+1. Then, we have a bigraded
K[t]-module E** defined by EP:4 := FPHPT4/FPTLP+d Observe that t - EP4 =
Eprtla.

For a bigraded module E**, we define a graded module Tot E**, which is called
the total complex of E**, by (Tot E**)! := @, 44— EPI.

Lemma 4.9. As a graded K[t]-module, Tot E** = H* provided dim H* < oo for
each 1.

Proof. We say that an element a € H* has the filtration degree p, denoted fil-deg a =
p, if a € F? and a ¢ FPT1. We prove the lemma by the induction on the degrees
and filtration degrees of a basis {a}}r>0.\ of H*/(t)H*, where dega} = k.

Let Sk be the subset {a’}\l, ceey a’j%} consisting of linearly independent elements
of E**/(t)E** with degree k. We may view Sy as a subset of H* with fil-dega >
fil-deg a’}\j for i < j. Let [Sk] be the subset {[a ],..., [alf\k]} of E**, where [d]

denotes the image of a by the projection of Ffil-dega _y pfil-dega,x

Since F'HY = 0 for i > 0, it follows that the K[t]-submodule of H* generated by
Sp coincides with that of E** generated by [Sp]. Assume that the map ¢, defined by
¢i(lau]) = a, is an isomorphism from the K[t]-submodule Ej, of Tot E** generated
by [So]U---U[Sk] to the K[t]-submodule Hj, of H* generated by SoU---US;. We
may replace elements in S; and [S;] to construct the isomorphism preserving the
linear independence of the elements in each set if necessaryf.

Suppose that [a’ij’l}t" # 0in (B, + K[t] - [a’ij‘l])/Ek for each n > 0. Then, it
follows that Fj, + K[¢] - [aijl] = E, ®K[t] - [alf\jl]. Thus, we have an isomorphism
E, o KJt] - [alfjl] S HL o K[t - a’fjl extending ¢y.

Suppose that [aifl]tm = 0 and [a’jjl]tm‘l # 0 in (B, + K[t - [a’ijl])/Ek. for
some m > 0. Then, we have

k+1,m i gl
(44) ay, t" — E Bj,ia)\jt =0
i<k,j
for some nonzero elements §;; € K. By degree reasons, we see that [;; > m. We
T AN k+1 i glii—m : :
rewrite ay " for ay" — 37, i Bja) ¢ ™. Then, we have an isomorphism

ak+1 m ~
P B ® SUEOTNK/(47)) 2 By + K] - (o}
— Hy +K[t] - ah ' = Hy @ 295 (K1)
defined by w(l)([aﬁfl]) = a’ijl and ¢(1)|m, = @x. Observe that a’ijl Smel L
0. In fact, if a];j'l -tm~1 = 0, then for the original a’ij‘l, [a’ij‘l] ~tm=l = 0 in

(Er +K[t] - [aijl])/Ek, which is a contradiction.
Moreover, by applying the same construction of the isomorphism as above to

k+1 k+1 . . . . =
elements [ay ], ..., [aASkH], we obtain an isomorphism @11 : Fgi1 — Hgp1. As

a consequence, we have an isomorphism ¢ : Tot E** — H* of K[t]-modules. (Il

TThis procedure is clarified by considering the induction step described below.
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Remark 4.10. Let M* be a non-negatively graded K[u]-module with a filtration
MF=F'>F'>...D>Fi>... > Fkl =0 of K[u]-submodules for k£ > 0. Then,
we may apply the same argument as in the proof of Lemma B9 to M* provided
uF* C Fi*! for i > 0. As a consequence, we see that Tot E** = M* as a graded
K[u]-module.

Remark 4.11. So far we consider dg K[v]-modules with degv = 1 or 2. Even if
the degree of w is a positive integer, the same arguments as in this section are
applicable to the case and the results remain true with an appropriate degree shift.
For example, the functor C in (E22) is replaced with one defined by C({M',9})(i) =
»(degWing for a dg K[u]-module { M, d}.

Let M be a dg K[u]-module. In the rest of this section, we compute the coho-
mology interleaving distances dg,p,; x (M, K) and dg,; x (M, K[u]/(u?)). Here, we
regard K and K[u]/(u?) as dg K[u]-modules with zero differentials. Suppose that
the cohomology of M is of finite dimension. For the graded K[u]-module S* H*(M),
we denote cup® (M) by the greatest non-negative integer n such that (ux)™ # 0 on
SkH*(M); see Section B for the functor S*. Observe that cup®(M) concerns the
cup-length of spaces over BS'; see the paragraph before Proposition B8 for details.

Let B, = {[bx,bx + cx) | A € A} be the barcode associated with S*H*(M),
where the index set A is finite. Then, it is readily seen that cup®(M) + 1 =
max{cy | A € A}. In order to state and prove results of the computations of the
distances mentioned above, let A; = {A € A | ¢y =i} and Ag; = {X € A; | by =0}.
Furthermore, put I* := cup”®(M) for short.

Proposition 4.12. Let M be a dg K[u]-module concentrated in non-negative de-
grees whose cohomology is of finite dimension. Then, for k = 0,1 it holds that
0 (H*(M) 2 K)
k _
doont (M, K) = { (1" +1) (otherwise).

Proof. When H*(M) = K, we see that d’éthK(M, K) = 0 immediately. Assume

that H*(M) 2 K. Let Bf be the barcode associated with S*(K), namely, B} =
{[0,1)} and B} = 0. By virtue of Theorem P11, it suffices to compute the bottleneck
distance dp(Bj;, BY) instead of gy x (M, K). For k = 1, it is readily seen that

{;(zl + 1)} = %(11 +1).

We consider the case k = 0. Let I := [by,bx + c)) in BY,. Then, Lemma 2=
enables us to deduce that

. 1 c
di(X1,, X[0,1)) = min {maX {bx,bx 4+ cx — 1}, max {27 2/\}}

c)\}{ ex—1 (by=0,cy=1,2)

2 S (otherwise).

Given a bijection h : BY, > BY with h(I,) = [0,1). First, consider the case A € Ag 1.
Since H*(M) 2 K, it follows that A \ {\} # . Thus, we have

E iup(h) di(X, Xn(r)) = max {di(x1,, X[0,1))s di(xz,.,x0) | 1€ A\{\}}
edom

dg(Bi;,BY) = inf su d , = inf
B(Bur, Bi) h:BIMHB%JedoE(h) 1(x75 Xo) BBl <> B

:min{bAqLc)\ -1,

= max {0,% | pe A\ (A1} = %(lo—&-l).
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If e A072, then

sup  di(xJ, Xn(s)) = max {di(xr,, X(0,1)): di(x1,,x0) | # € A\ {A\}}
Jedom(h)

max{l,% ] ueA\{)\}}

1 =1 1
:{ L0 +1) 02 =30+,

Observe that {© > 1 in the case where Moo # 0. Furthermore, if X € A\
(Ao1 UAgp2),

cyn C 1
sup  di(XJ, Xn(s)) = maX{? = [ peEAN {A}} = 5(10 +1).
Jedom(h)
The computations of suprema enables us to obtain the equality
1
dg(BY,,B%) = inf d , =_(1°+1).
B(Bar: B) sy, S0P 106, Xn) = 5 (0 +1)
We have the result. O

With the same notation as above, we have the following result.

Proposition 4.13. Let M be a dg K[u]-module concentrated in non-negative de-
grees whose cohomology is of finite dimension. Then, one gets

1 (1 =0)
-1 (#A=1,1"=1,2)
0 2\) — ) )
(1) dCohI,K(MvK[u]/(u ))_ %lo (#A > 2, 10 = i #Az =1, i= 172)
$(1°4+1) (otherwise),

(2) dbonx (M, Klu]/(u?)=5(" +1).
Here #S denotes the cardinal of a set S.

In order to prove Proposition E-T3, we set up more notation. Let B5 denote the
barcode associated with S* (K[u]/(u?)). Since K[u]/(u?) is concentrated in even
degrees, BY = {[0,2)} and B} = (. Let II be the set of all bijections between BY,
and BY, and Iy ; the subset of II consisting of bijections h : BY; <+ BY such that
h([bx,bx + ¢x)) = [0,2) with A € Ag,;. We write II; for the complement of the
union U;IIp ; in II.

Proof of Proposition f-13. Since Bi = (), the assertion (2) follows from Theorem
P10 and Lemma PR (1).

By applying Theorem P7I0, we see that the right-hand side of the equality in (1)
coincides with the bottleneck distance dp(B%,,B9), which is the smallest value of
the infima

7, : hlel}i Jei})lg(h) di(X7, Xn(ry) and Zo; : hélﬁfg Jeigg(h) di(X7, Xn(J))
for i = 1,2,...,19 + 1. To obtain the equality in (1), we determine the values of
these infima.

For any barcode Iy := [by,by + cy) in BY;, the assumption implies by > 0. It
follows from Lemma P28 that

(4.5) di(X1xs X[0,2) = { %1 Eii > 3
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for the case by > 1, and

1 (C)\ = 1)
(4.6) di(X1y,X[0,2) =3 x—2 (ex=2,3)
%C)\ (C)\ > 4)

for the case by = 0. Given a bijection h : B, <+ BS. If h € I, then (E3) yields

{ 1 (1 = 0)

sup dI(XJaXh(J)) = %(lo +1) (lo >1).

Jedom(h)
Hence, Z, = 1if =0, and Z, = (I° +1)/2 if I > 1. We next consider the case
h € Iy,; with h(Iy) = [0,2) for some A € Ag;. Then, the equality (E8) enables us
to deduce that

o di(xs.xney) = max{di(xz,,Xo,2)) di(xz,.x0) | p€A\{A}}
€dom

o | we A\ 00}

max {1, £c, | pe A\ {A}} (ex=1)
max {cx — 2, 3¢, | € A\ {A}} (ca=2,3)
$(1°+1) (cx > 4).
Consider the case #A = 1 with A = {A\}. We observe that IIp; = 0 for i =
1,2,...,19 Since ¢y =1° + 1 and A\ {\} =0, it follows from (E=2) that
1 (19 = 0)
IO,l0+l - ZO - 1 (ZO = 1,2)
1(10+1) (1°=>3).

1
= max {dI(XIMX[OQ))’ 5¢

(4.7)

In the case #A > 2, we see that Zp; = (I +1)/2 for I > 1 and i = 1,2,...,1°.
Indeed, for any h € Iy ; associated with I; that is, h(Iy) = [0,2) and I = [0,1),
the equality (EZ4) gives

1
sup  di(X7, Xn(s)) = 5(10 +1)
Jedom(h)

since there exists u € A\ {\} such that ¢, = 1° + 1. Furthermore, it follows from
(E22) that

min [max {1, 3¢, | p € A\{\}} | A € Ag1] (1" =0)
Too41 = min [max {I® = 1, 2c, | p€ A\N{A}} | A€ Agpoa] (I°=1,2)
30 +1) (1°>3)
1 (19 = 0)

- 110 (19=1,2, #Ap 1 =1)
21" +1) (otherwise).

We remark that c¢) = 1 for any A € A in the case [ = 0. The condition #Ap,; =1
implies Ajo 1 = Ag o1 and the inequality ¢, < 1°+4 1 for any g € A\ Agjoyq. On
the other hand, if #Ajp4; > 2, then for any A € Ag 044, there exists 4 € A such
that ¢, = 1%+ 1 and p # A. Therefore, by taking the smallest value among 7. and
Ty, for i =1,2,...,1° + 1 computed above, we have the assertion (1). a
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5. THE COHOMOLOGY INTERLEAVING OF SPACES OVER BS!

Let K be a field. Unless otherwise explicitly stated, it is assumed that a space X
is connected and the singular cohomology of X with coefficients K is locally finite;
that is, the ith cohomology of X is of finite dimension for i > 0.

Let p: X — BS* be a space over BS!. We have a quasi-isomorphism & : K[u] —
C*(BSY;K) and the morphism p* : C*(BSY; K) — C*(X;K) of differential graded
algebras (DGAs). Then, the singular cochain complex C*(X;K) is regarded as a
K[u]-module via the maps p* o &.

The even and odd cohomology interleaving distances (Definition B4) give the
cohomology interleaving distances d’éOhLK(X, Y) between the spaces X and Y over
BS? defined by df,,;(C*(X;K),C*(Y;K)) for k = 0 and 1, respectively. We write
dconx(X,Y) for max{df ,;(M,N) | k = 0,1}. By Theorem E7, we see that
the distance dconr x(X,Y) determines dic, dinc and dur between aC*(X; K) and
aC*(Y;K).

Let Y be an S'-space. We consider the Borel construction Y,g1 := ES! xg1 YV
which fits into the Borel fibration Y — Y}, g1 2> BS®. Let LX be the free loop space,
namely, the space of continuous maps from S' to X endowed with the compact-
open topology. The rotation on S' induces the action p : S' x LX — LX on
the free loop space. Thus, we have the Borel fibration p : LX,q1 — BS'. For
a space X, we denote by [(X)x the integer max{i | H'(X;K) # 0,i > 0}. We
investigate the cohomology interleaving distance between spaces, which are in the
classes defined below.

e Class (I) consists of the Borel constructions (LX)s1 of the free loop spaces
LX of simply-connected spaces X.

e Class (II) consists of the spaces X for each of which X fits in a fibration
F:F — X — BS! with I(F)g < oo.

e Class (III) consists of the spaces X — BS! over BS! with [(X)x < co. As
a consecuence, the local finiteness condition of the cohomology implies that
H*(X;K) is of finite dimension.

In order to exhibit our result on the cohomology interleaving distance between
spaces in Class (I), we here introduce the BV-ezactness of a simply-connected space
X; see [B4, Definition 2.9]. By definition, the BV-operator A on H*(LX;Q) is the
composite

A HHLX:Q) = H*(S' x LX;Q) 2 B*—1(LX;Q),
where [, stands for the integration along the fundamental class of .S L

Definition 5.1. A simply-connected space X is Batalin-Vilkovisky exact (BV-
exact) if In A = Ker A, where A: H*(LX;Q) — H*(LX;Q) is the restriction of
the BV -operator to the reduced cohomology groups.

We also recall the S-action on H*(LX}51; Q) which is the multiplication S :=
xu : H*((LX)ps1;Q) — H*((LX)ps1;Q) defined by S(z) := p*(u)x for z €
H*((LX)ps1;Q), where p : (LX)t — BS?! is the projection. We view the one-
point space pt as the S'-space with the trivial action.

Theorem 5.2. [B4, Theorem 2.11] A simply-connected space X is BV-exact if
and only if the reduced S-action on H*(LX}g1;Q) is trivial, where H*(LX}g1; Q)
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denotes the cokernel of the map H*(ptpe1; Q) — H*(LXps1;Q) induced by the
trivial map.

We call a simply-connected space X formal if there exists a zig-zag of quasi-
isomorphisms of differential graded algebras between the singular cochain algebra
C*(X,Q) and the cohomology algebra H*(X;Q) with the trivial differential.

Corollary 5.3. ([34, Corollary 2.13]) If a simply-connected space X is formal,
then it is BV-ezact.

The cohomology interleaving distance between BV-exact spaces in Class (I) is
determined explicitly.

Proposition 5.4. Let X and Y be formal spaces, more general BV-exact spaces.
Then, it holds that for k =0 and 1,

0 if *C*((LX)pg1,Q) = hEC*((LY )ps1, Q)
dEonro(LX )ngt, (LY Jps1) = | wa Q[t]-module,

5 otherwise.

In particular, dconr,o((LX)nst, (LY )pst) = 0 if and only if C*((LX)ps1;Q) =
C*((LY )55 Q) in D(Q[u]).

Proof. We first prove that the cohomology interleaving distance d’éohl@ is less than
or equal to % For a simply-connected space X, we observe that 1-t° # 0 for
each s > 0 and the unit 1 € HY(LX}s1;Q); see [20, Theorem A] for a Sullivan
model for LX,q:. Moreover, it follows from the BV-exactness that x -t = 0 for
each element z € H*(LX},g1;Q) with i > 0. Then, the barcode associated with
SkC*(LXp,s1;Q) for each k = 0 and 1 consists of one interval [0, 00) and intervals
of the form [i,i+1). Observe that the interval [0, 00) appears in the barcode only if
k = 0. By [I0, Propositions 4.13] and Lemma 28, we see that di(x[0,00), X[0,00)) = 0,
d1(X[0,00)5 X[5,i4+1)) = 09, d1(X@5 X[0,00)) = 00, d1(X0> X[0,00)) = 0, d1(X0, X[i,i+1)) =
% and dr(X[jj+1) X[“-H)) < % We consider the bottleneck distance between bar-
codes BH*(LXh,SuQ) and BH*(Lthl;Q). If a bijection f in Definition P9 assigns
[0,00) to [0,00), then the supremum SUpeqom(f) d1(X1, X (1)) is less than or equal

to % On the otherwise, the supremum is infinite. Thus, Proposition EZ3 enables us
to deduce that d’éthQ((LX)hgh (LY )pg1) < 5 for k=0 and 1.

Assume further that M := h*C*((LX),s1,Q) and N := h*C*((LY )51, Q) are
e-interleaved for some & < % By Proposition 8 (i), we see that M = N as a
Q[t]-module.

The latter half of the assertions follows from the first half and Remark 2. O

Before describing upper and lower bounds of the cohomology interleaving dis-
tance of spaces, we recall the cup-length cup(f)gr of a map f : X — Y with
the coefficient in a commutative ring R. By definition, the integer cup(f)gr is
the length of the longest non-zero product in the image of the homomorphism
f*: H*(Y;R) — H*(X; R) between the reduced cohomology groups. We observe
that cup(f) < cat(f), where cat(f) denotes the category of the map f, namely the
least integer n such that X can be covered by n + 1 open subsets U;, for which the
restriction of f to each U; is nullhomotopic, see |4, Proposition 1.10].

The following proposition gives a rough evaluation of the interleaving distance
between spaces over BS?.



ALGEBRAIC INTERLEAVINGS OF SPACES OVER BS! 19

Proposition 5.5. Let v; : X — BS! and vy : Y — BS! be spaces over BS!.
Then, it holds that for k =0 and 1,

1
déthK(X, Y) < imax{cup(vl)K + 1, cup(ve)x + 1}.

In particular, the cohomology interleaving distances between spaces in Class (III)
are finite.

Lemma 5.6. Let v: X — BS' be a space over BS' and K be a field. Then, the
length of the longest bar J in Bpop-(x;x) and Buig-(x;x) is less than or equal to
cup(v)k + 1.

Proof. Let s be the integer cup(v)x + 1. Then, it follows from the definition of
the cup-length that v*(u)® = 0 in H*(X;K). Therefore, we see that m;v*(u)® =0
for each element m; of a basis {m;}ica of H*(X;K)/(v*(u))H*(X;K). This fact
enables us to deduce that the length of J is less than or equal to s. (|

Proof of Proposition B3. The result follows from Lemmas P28 and B@. O

Ezample 5.7. Let (LM )ps: and Y be in Classes (I) and (III), respectively.

(1) It follows that dOCOhLK((LM)hSl,Y) = o0o. In fact, we see that 1-#! # 0 for
each [ > 1 and the unit 1 € H°(LM},g1; Q). The argument in Example E-2 allows
us to obtain the result.

(2) Let F be the fiber of a fibration F : X — BS! in Class (II). Assume that the
dimension of the cohomology H*(F;K) is greater than or equal to 2 and the Leray—
Serre spectral sequence for F with coefficients in K collapses at the Es-term. Then,
we see that doonrx(X,Y) = oo and deonr,o(X, (LM)pst) = oo if M is BV-exact.
These facts follow from Example 224, Remark B0 and Theorem 210.

Let f: X — BS! be a space over BS'. We will denote by cup”(f)x the largest
positive integer n such that the action of ™ on S*H*(X;K) is nontrivial; see the
diagram (B22) for the functor S*. Observe that the integer cup’(f)x coincides with
the cup-length of f mentioned above: cup®(f)x = cup(f)x. Recall the notation
cup®(C*(X;K)) stated before Proposition ET2. It follows from the definition that

(5.1) cup®(C*(X;K)) = cup®(f)k.
Proposition 5.8. Let v : X — BS' a space over BS' in Class (III). Then, the

cohomology interleaving distance between v : X — BS' and pt — BS' is computed
as follows.

0 (H*(X;K) 2 K)

k _ 3

Acont (X, pt) = { L(cup®(v)k +1) (otherwise).

Proof. Proposition -T2 and (B) yield the result. O

Proposition 5.9. Let v, : X — BS' and vy : Y — BS' be spaces over BS' in
Class (III). Assume further that H*(X;K) # K and H*(Y;K) % K. Then, it holds
that

1
dEonx(X,Y) > §\Cupk(U1)K — cup® (va)|-
Proof. The triangle inequality of the interleaving distance, we have

déohI,K(X7 Y) 2 |déohI,K<X? pt) - déthK(Ya pt)l
Thus, Proposition 63 allows us to deduce the result. [
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An argument on a spectral sequence is helpful to consider the cohomology inter-
leaving distance between given spaces over BS?.

Proposition 5.10. Let F; : F; — X; — BS" be a fibration fori =1 and 2. Assume
that F; is a connected and H*(F;;K) is locally finite for each i. Let {;E**,d.} be
the Leray—Serre spectral sequence for F; with coefficients in K. Suppose that the
spectral sequences collapse at the E, 1-term. Then,

doonx(X,Y) = dinc(a(Tot(LE ", d,)), a( Tot(2 E5%, d,.))).

In particular, dconrx(X,Y) = dinc(a(Tot(1E5",0)), a(Tot(2E57*,0))) if the spec-
tral sequences collapse at the Eo-term.

Proof. Since the spectral sequences collapse at the F,.i-term, it follows that

dcthK(TOt 1E;(’J*, TOt QE;’D*) = dCohI,K((TOt 1E:j:1, 0), (TOt QE:fl, 0))
= dmc(a(Tot(1E", d;)), a(Tot (2 E7%, dy))).

Observe that Theorem B~7 gives the second equality. The result follows from Lemma
B9; see Remark BT, O

Remark 5.11. The same result as above holds for the cobar type Eilenberg—Moore
spectral sequence converging to H*(Xjg1;K) for an S'-space X; see, for example,
[[9], [83, Theorem 2.2, ii)] for the spectral sequence. In fact, let {EX*,d,} and
{'E**/d,} be the Eilenberg—Moore spectral sequences converging to H*(X}g1;K)
and H*(ptjq1;K), respectively. We have the S!'-equivariant map f : X — pt.
Then, the naturality of the multiplicative spectral sequence gives a morphism {f,} :
{Ef*/d.} = {E**,d,} of spectral sequences with

fo: Ku] = 'EPY = Cotorzi(sl)(K, K) — By Cotorﬁz(sl)(K, H* (X)),

where bidegu = (1, 1). Thus, the spectral sequence {E"*, d,} has a dg K[u]-module
structure which is compatible with the K[u]-module structure on H*(Xpg¢1;K).

The following corollary provides an approach for computing the interleaving
distance between spaces in Class (II).

Corollary 5.12. Let F; : F; — X; — BS' be a fibration with connected fiber for
i =1 and 2. Suppose further that for each i, the spectral sequence for F; collapses
at the Ea-term and I(F;)g < oo. Then, the equality

d’éolll,K(Xl»XQ) = inf sup {|j — f(H)I}

fJp < JE, jedom(f)

holds for k=0 and 1, where Jllgi denotes the multiset defined by

l
I1 11 5

1=2m+k with H'(F;;K)#£0 \dim H!(F;;K)

Proof. The collapsing of the spectral sequence for F; yields that the barcode B; as-
sociated with H*(X;;K) consists of infinite intervals [| L], co) with dim H'(F}; K) #
0. We observe that each barcode B; is finite. Then, the result follows from Theorem
210 and Lemma 2R (3). O
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We conclude this section with a result which describes an upper bound of the
cohomology interleaving distance between manifolds. It is worthwhile that a map
between the manifolds gives rise to one of the interleavings which induce the upper
bound.

Proposition 5.13. Let u : X — BS! and v : Y — BS' be connected closed
oriented manifolds over BS'. Suppose that there exists a continuous map f: X —
Y withvo f =wu. Then
(i) deonk(X,Y) < 3(dimY — dimX) if dimX and dimY are even and
dimY > 2dim X, and
(ii) deonr,x(X,Y) < 2(dimY —dim X) ifdim X and dimY are odd and diimY" >
2dim X.

Before proving the result, we recall a d-trivial persistence module M which sat-
isfies the condition that M (i — i + ) : M (i) — M(i+ ¢) is trivial for any .

Proof of Proposition BI3. Let m be the non-negative integer dimY — dim X. The
shriek map f' is an element of Extér (v (C*(X;K), C*(Y;K)) which assigns the
volume form of Y to that of X, where the Ext group is defined in the derived
category of C*(Y'; K)-modules; see, for example, [24]. We have the composite map
K[u] & C*(BSY;K) % o (Y;K) of morphisms of dg algebras, where H(k)(u) is
the generator of H*(BS';K). Then, the map H(f') : H*(X;K) — Y™ H*(Y;K)
induced by shrick map f' is a morphism of K[u]-modules. Observe that the map
H(f') gives rise to map H(f') : h*C*(X,K) — (h*C*(Y,K))% for each k = 0,1
because m is even. Here ()% denotes the shift functor defined in Remark 22 and
we regard the codomain of the functor h* as l\/Iod]%R’S) suppressing the isomorphism
v and the embedding (| |)* in the diagram (£22).

(i) In view of [B, Corollary 6.6], in order to prove that h*C* (X, K) and h*C*(Y, K)
for k=0 and 1 are F-interleaved, it suffices to show that the kernel and the coker-
nel of H(f') are 2(Z')-trivial. Since the shriek map f' preserve the volume forms,
it follows that Ker H(f') is 2(%)-trivial if 2(2) > 42X Moreover, we see that
Coker H(f') is 2(%)-trivial if 2(%) > 42X Thus, the result follows from the
assumption that dimY > 2dim X.

(ii) The same argument as in the proof of (i) enables us to obtain the result
(ii). We observe that the maps H(f')[yrcx(x k) for k=0 and 1 are 2(’%)-trivial if
dimY > 2dim X. O

6. TOY EXAMPLES

By applying Proposition B, we give computational examples of the cohomology
interleaving distances.

Proposition 6.1. Let f,; : CP™ — BS' be a map which represents an integer j
under the identifications [CP™, BS'] & H?(CP™;Z) = Z. Then, it holds that

(1) d%thQ((CPn7 fn,l): ((Cpmv f’m,l)) = min {|’I’L - ml?max{mTH’ nTH}}’
(2) i o((CP™, fn0), (CP™, fn1)) = [%]

(3) Ayt o((CP™ Fup). (CP™, foa)) = {

Here | | denotes the ceiling function.

n=m),

(n=
(n #m).

o= O
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Remark 6.2. Since the cohomology of CP™ is concentrated in even degrees, it follows
that déthQ(((CP", fni), (CP™, fr 1)) = 0.

To prove Proposition B, we now set up some notations. Observe that the
algebra map f . : Qu] = H*(BS'; Q) — H*(CP™;Q) = Q[z]/(z"*") induced by
fn,j in rational cohomology satisfies the condition that f;; ;(u) = 0 and f; ;(u) = =,
where degz = 2. These Q[u]-module structures give the Q[¢]-module structures on
SYH*(CP™;Q) and then the barcodes associated with the modules as in Section B.
Let By, ; denote the barcode obtained by f ;. Then, it is readily seen that

B, . = { {[0,1),[1,2),...,[n,n+1)} (j =0),
X {[0,n+1)} (G=1).
For simplicity, we put xn,; = x(Bn.;)-
Proof of Proposition BE. The assertion (1) follows immediately from Lemma IR

(2). In view of Proposition B3, in order to show (2), it suffices to determine the
bottleneck distance dp (B0, Bn.1). Given a bijection h : By, o ¢+ By1, if R71([0,n+

1)) = [i,i + 1) for some i = 1,2,...,n, then we have
. . 4 n+1
sup  di(X1, Xn(1r)) = di(X[i,i+1)s X[0,n41)) = Min {max{%n — i}, 5 }
I€dom(h)
by Lemma P8 (1) and (2). If h=1([0,n + 1)) = 0, then Lemma =8 (1) shows that
n+1
sup  di(x1, Xn(r)) = di(X0, X[0,n+1)) = 5
Iedom(h)

Hence, we have

n+1
d Bn 7BTL = 1 f d , — . .’ . , .
B(Bn.o, Bn.1) S 100 Xu(n) = min {max{l n—i}, —5— }
Observe that the right-hand side integer coincides with [n/2], which completes the
proof for (2).

The assertion (3) for n = m is trivial. We consider the case where n # m. Since
dr(X[i,i+1)s X[j,j+1)) < 1/2 and d;(xg, X[j,j+1)) = 1/2 from Lemma 8, we see that

1

sup  di(X1, Xn(1)) = 3

Iedom(h)

for every bijection h : By o <> Bmo. Therefore, we have dg(By.0,Bm,o0) = %
Theorem 210 yields the result (3). O

In the rest of this section, we use terminology in rational homotopy theory; see
Appendix A for (relative) Sullivan models for spaces.

Proposition 6.3. For each j = 0,1, let v; : M; — BS' be a space over BS' whose
relative Sullivan model has the form (Au,0) — (A(x,y, z,u),d) with dz = jryu+u*
and dv = 0 = dy, where degx = degy = 3, degz = 7 and degu = 2. Then, one
has

dOCohI,Q(M07M1) =3 and dlCohI,Q(Mole) = 0.

In order to prove Proposition B3, we first determine the Q-cohomology of M; as a
Q[u]-module. Tt is readily seen that H*(Mo; Q) = A(z,y) @Q[u]/(u*) as an algebra.
In order to compute the cohomology of M;, we define the weights of elements
x, y, z and u by weight(z) = weight(y) = weight(z) = 0 and weight(u) = 2.
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The weight of a monomial is defined by the sum of the weights of elements above
constructing the monomial. We define a filtration F* of the model .# for M; by
F':={w € # | weight(w) > i}. Then, the filtration gives rise to the first quadrant
multiplicative spectral sequence {E**,d,.} conversing to H*(.#) = H*(M1; Q). We
see that
Ey" 2 A(x,y,2) ® Qu]
and dy(2) = xyu, do(x) = 0 = da(y). It follows that as a Q[u]-module,
Ey” = Qui{l, 2.y, 22,yz, xyz} & (Q[u/ (u)){=y}
The next nontrivial differentials d,. are given by dg(rz) = xu* and dg(yz) = yu®.

The element xyz in the Eg-term represents the element xyz —u3z in .#. Therefore,
we have dg(zyz) = dg(zyz — u®z) = 0. Thus, we see that as a Q[u]-module,

By = Q[u]/(u'){z,y} ® Qul{1, zyz} ® (Qu]/(w)){zy}.
Since dy4(zyz) = dia(zyz — u®z) = ", it follows that as Q[u}-modules,
Eu = By = Qul/(u*){z, y} @ Qlu]/(u"){1} & (Qul/ (u)){zy}.
Thus, Lemma B9 implies that H*(Mp; Q) = TotE%* as a Q[u]-module.

Proof of Proposition B=3. By applying the functors S° and S! in the diagram (222),
we see that

SHC™(Mo; Q)

1

2THQE/(E)®? = SYCH(M1;Q)),
Co := 8°(C*(Mo; Q) = X(Q[1]/(t) ® =*(Q[t]/ (")) and
C1 = S°(C*(M1;Q)) = T°(Q[H]/(t)) ® Z°(Q[tl/ (1))
The results follow from the computation of the cohomology mentioned above. Thus,
we have the assertion on déohl)(@

We prove the first equality. Let I, Is, I{ and I} be the interval modules in Cy
and Cy corresponding the intervals [0,4), [3,7), [0,7) and [3,4), respectively. It
follows from Lemma 8 and Remark 24 that dg,; (Mo, M) < 3.

Suppose that Cy and C; are d-interleaved, where d < 3. Then, there exist natural
transformations ¢ : Cy +— C; : ¢ which give the d-interleaving. Since I5(i) = 0
for i < 3, it follows that the nontrivial image of restriction ¢ : I{f — I1 @ I5 is in
I;. By the same reason for I} as that for Iy, we see that the nontrivial image of
the restriction ¢ : Iy — I] & I} is in I{. Thus, the restrictions of ¢ and v induce
a d-interleaving ¢ : Iy +— I : ¢. Therefore, we have a commutative diagram

1

1

o

I, (0—4)

I,(5) 1;(0) I(4)
/ = / = / = /
I;(0) T0s) 17(20) 17 (9) Toaard I (4 +9).

Observe that the horizontal arrows are isomorphisms except for I;(0 — 4) and
I,(0 — 4) = 0. Therefore, the map ¢(J) is nontrivial and hence ¢(0) is. This
yields that I1(6 — 4 + 0) o ¢(0) is nontrivial, which is a contradiction. We have
d%ohI,Q(MO’ M) = 3. 0

One might be interested in a relationship between M; in Proposition B33 and an
Sl-action and a higher dimensional torus action on a space. The issue is dealt with
in the following remark.
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Remark 6.4. In general, for a given relative Sullivan algebra of the form ¢ : (A(u),0) —
(AW & A(u),d), there exists a fibration M — X — BS! whose model is the
given Sullivan algebra. In fact, by [21, Proposition 17.9], we have a fibration
le| = (AW @ A(u),d)| = |(A(uw),0)]. The pullback of the fibration along the ra-
tionalization map [ : BS* — |(A(u),0)] gives rise to a commutative diagram

M — X’ ES!
H e »
M X BSt

H | I

(AW, d)] —= (AW @ A(w), d)] - |(A(w), 0)]
in which p is the universal S'-bundle and the right-hand upper squares is also
pullback. The result [0, Proposition 15.6] yields that the map ¢ : (A(u),0) —
(AW @ A(u),d) is the relative Sullivan model for X — BS!. Since ES! is con-
tractible, it follows that X’ is weak homotopy equivalent to the fiber M. Moreover,
we see that X is the orbit space of the S'-space X’ with a free action.

For example, it follows that each space M; in Proposition E3 is the orbit space
of an S'-space M ]’ which is rationally homotopy equivalent to S3 x S3 x S7. In
particular, the bundle p =1 x 7 : M = (5% x S3) x ST — My = (S x $3) x CP3
is given by the usual principal S'-bundle 7 : S7 — CP3. Moreover, we see that the
free St-action on M/, does not extend to any free S x S'-action. This follows from
Proposition A= which computes the rational toral ranks of My and Mj.

Remark 6.5. While the computation before the proof of Proposition 63 yields that
H*(My; Q) = H*(My;Q) as a graded vector space, Proposition B3 in particular im-
plies that the rational homotopy types of My and M; are different from each other.
Moreover, Theorem B71 and Proposition B3 enable us to deduce that aC*(Mp; Q)
is not isomorphic to aC*(M;Q) in the category Ho(Chy)®=).

It may hold that dcenr(X,Y) = 0 for spaces X and Y over BS?! even if H*(X; Q)
is not isomorphic to H*(Y;Q) as an algebra. We describe such an example.

Remark 6.6. For a € Q\{0}, let p, : X, — BS! be a space over BS' whose relative
Sullivan minimal model is given by

t: (AN(w),0) = A (X,) := (Nu,x,y,2),dq)

with |z] = |u| = 2, |y| = |2| = 3, deu = dox = 0, dyy = uz, dez = 22 + au?
and t(u) = u. We observe that A, := H*(X,;Q) = Q[u,x]/(uz, 2* + au?®) as an
algebra. Moreover, it follows that A, = A, as an algebra if and only if ab=! is in
Q?; see [8Y, Proposition 3.2]. On the other hand, it is readily seen that A, = A,
as a Q[u]-module for a,b € Q\{0} and hence C*(X,; Q) = C*(X;; Q) in D(Q[u]).
Thus, there exist spaces over BS! with infinitely many different rational homotopy
types one another such that their cohomology interleaving distances are zero.

The spaces X_; and X are realized as spaces CP24CP? — BS! and CP?*4CP? —
BS! over BS!, respectively, for each which the map from the connected sum is de-
fined by the composite of the pinching map, the projection in the first factor and
the map fs1 in Proposition B, see [23, Example 3.7] for the Sullivan model of
such a connected sum.
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Remark 6.7. We consider a map between (CP", f, 1) and the space M; over BS*
in Proposition B3. The minimal model of CP™ is given by .#(CP") = (A(u,w),d)
where dw = u™!. Therefore, if there is a map between the two spaces, it is one of
the cases.

(1) f : CP™ - M, (j = 0,1) whose Sullivan representative is given by
M(f)(x) =4 (f)(y) =0and A (f)(z) =ud"w for 1 <n < 3.

(2) f : My — CP™ whose Sullivan representative is given by . (f)(w) =
u" 3z 4+ au™ 1z + bu" "ty (a,b € Q) for n > 3.

We refer the reader to [Z1, Section 12 (c)] for a Sullivan representative for a map.
Assertion 6.8. There is no morphism between CP™ (n > 3) and M; over BS?.

Proof. Suppose that there is a morphism f : CP™ — M, of spaces over BS! for
n > 3. Then, since |w| = 2n+1 > 7, it follows that .#(f)(z) = 0. However, .Z(f)
is a morphism of DGAs with . (f)(u) = u, which is a contradiction.

If there is a morphism f : M; — CP™ of spaces over BS!, then we have
A (f)(w) = u"32+g(u, z,y) for some g € Qu]@AT (z,y). It follows that d(g) = 0.
This contradicts that .#(f) is a morphism of DGAs. O

Proposition 6.9. Let f,1: CP" — BS' and vj : M; — BS?' be the spaces over
BS?! described in Proposition and B33, respectively. Then,

2 (1<n<5b)
0 n _ 3 (6<n<9)
dcont,o((Mo, vo), (CP™, frn1)) = n—6 (10<n <13)
o (14<n),
z (1<n<2)
—n+6 (3<n<H5)
d%ohl,@((Mla U1)7 (CPn7 fn,l)) = % (Tl = 6)
n=6 (7<n<13)
o (14 <n)

and d%}ohl,@((Mj71}j)7 ((Cpna fn,l)) =2.

Proof. First, we prove the first two equalities by computing the bottleneck dis-
tances. Recall the barcode B,; = {[0,n + 1)} associated with h°H*(CP™;Q)
described above. We also recall the barcodes associated with h® H*(M;; Q) in the
proof of Proposition B33 which are given by

Brom (me0) = {(0,4),[3,7)}  and  Bpom- ;0 = {[0,7),(3,4)},

respectively. Given a bijection h : Byo g+ (a1y;0) <+ Bn,1, if 2([0,4)) = [0,n+1), then
Lemma P28 (1) and (2) allow us to deduce that

(6.1) sup  di(x7s, Xn()) = max{di(X[o,4), X[0,n+1)) d1(X[3,7)> X0) }
Jedom(h)
2 (1<n<5)
= n—3 (6<n<7)
o (8<n),
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Similarly, it is readily seen that

2 (1<n<3)
m (4<n<5)
(6.2) sup  di(x7, Xn(s) = 3 (6<n<9)
Jedom(h) n—=6 (10 <n< 13)
o (14<n)
in the case where h([3,7)) = [0,n + 1), and
2 (1<n<3)
6.3 sup  di(xJ,x :{n -
( ) Jedom(h) I( ! h(J)) %1 (4 = 7’L)

in the case where h(()) = [0,n + 1). Since the distance d(Bxo g+ (ny;0), Bn,1) is the
smaller value of (E1), (62) and (633), the result for d%OhI’Q((MO,vo), (CP", fn1))
is shown from Theorem EZ10. By the same argument above, we compute the bot-
tleneck distance between Bpreven(as,;0) and By, 1, which completes the proof of (1).

More precisely, let h : Byeven(ar,;0) <+ Bn,1 be a bijection satisfying h([0,7)) =
[0,n + 1). Then, we have

z (1<n<?2)
—n+6 (3<n<5h)
(6.4) sup  di(xJ, Xn(s) = 3 (n=6)
Jedom(h) n—=6 (7 <n< 13)
il (14 <n)
Similarly, we have
T (1<n<6)
6.5 su d s Xh =< .2 - =
(6:5) JedonE)(h/) 1007 X () { (7<)
for a bijection A’ : Byo g+ (ar,:0) <+ Bn,1 satisfying 2/([3,4)) = [0,n + 1), and
I (1<n<6)
6.6 sup  di(xJ, Xnr (1)) = { nd — .\
( ) Jedom(h'") ( " (J)) %1 (7 < TL)

for a bijection h" : Bhog+(a,;0) < Bn,1 satisfying h”(0) = [0,n + 1). Since the
bottleneck distance dg(Bpo g+ (ar,;0), Bn,1) is the smaller value of (64) and (E3),
Theorem 0 shows the assertion on d%OhLQ((Ml, v1), (CP™, fn.1)).

It follows from the Q[t]-module structure of S'(C*(M;;Q)) described in the
proof of Proposition B33 that the barcode associated with h' H*(M;; Q) is given by
{[1,5),[1,5)} for j = 0 and 1. On the other hand, the barcode associated with
h'H*(CP™;Q) is the empty set since the cohomology of CP™ is concentrated in
even degrees. Therefore, we have

dtont,o(Mj,07), (CP™, fa1)) = di(x(1,5), X0) = 2
This follows from Lemma I8 (2). O
Remark 6.10. Let X and Y be spaces over BS!. Then, as seen in the proof of

Proposition B4, the triangle inequality of the interleaving distance allows us to
deduce an inequality

| dléohI,K(Xa CP") - dléohI,K(Yv CP™) | < dléohI,K(X7 Y)

for each n > 1, k = 0,1 and an arbitrary field K. The computation of the distance
d’éthK(X ,CP™) in the proof of Proposition B9 is comprehensively easy with the
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bottleneck distance because the barcode associated with CP™ consists of one bar.
This is an advantage of the lower bound of the interleaving distance mentioned
above.
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APPENDIX A. SOME RATIONAL HOMOTOPY INVARIANTS AND THE COHID

We begin by briefly reviewing a (relative) Sullivan algebra. Let .Z(X) = (AV,d)
be the Sullivan minimal model of a simply-connected space X; see [Z1, Section 12].
It is a free commutative differential graded algebra (DGA) over Q with a locally
finite Q-graded vector space V = @,-, V* and a decomposable differential; that is,

dim V' < 00,d(V") € (NTV -ATV) " and dod = 0.

Here ATV denotes the ideal of AV generated by elements of positive degree. The
degree of a homogeneous element x of the graded algebra is denoted by |z|. By defi-
nition, the commutativity of the model gives the formula zy = (—1)/*lI¥ly2 and the
differential d satisfies the condition that d(zy) = d(z)y + (—1)*lzd(y) for homoge-
neous elements z and y in AV. Note that .# (X ) determines the rational homotopy
type of X. In particular, we see that V* = Hom(7.(X),Q) and H*(AV,d) =
H*(X;Q).

Let f : X = Y be a map between simply-connected spaces. Then, the relative
Sullivan model of f is given by

M(Y) = (AW, dy) = (AW @ AV, D) — (AV, D),

where D |yw= dy and (AW ® AV, D) is quasi-isomorphic to .# (X)) [Z1, Section 14].

We also recall a spectral sequence introduced in [Z1, Section 32 (b)]. Let (AV,d)
be a Sullivan algebra for which V' is finite dimensional. We give the Sullivan alge-
bra a bigrading (AV,d)** defined by (AVeVer @ AkVedd)yn — (AV)k+mk - Then, a
generator x with odd degree and a generator y with even degree have the bidegrees
(degz+1,—1) and (degy, 0), respectively. The filtration F*(AV) of AV defined by
FP(AV) = (AV)2P* gives rise to the forth quadrant spectral sequence converging to
H(AV,d), which is called the odd spectral sequence of the Sullivan algebra (AV,d).
Observe that the Ey-term is a DGA of the form (AV,d,) with the differential of
bidegree (0,+1) characterized by

de (V") = 0,dy : VoI 5 AV and d — dg : VO — AV @ ATV

Proposition A.1. [21, Proposition 32.4] Let (AV,d) be a minimal Sullivan algebra
in which V is of finite dimension and V = V=2, Then the following three conditions
are equivalent. (1) dim E; = dim H(AV,d,) < oo, (ii) dim H(AV,d) < oo and
(iii) the LS category cat(AV,d) is finite; see [, Section 29] for the definition of
cat(AV, d).
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Let ro(X) be the rational toral rank of a simply-connected CW complex X
of dim H*(X;Q) < oo; that is, the largest integer r such that an r-torus T" =
St x ... x S (r-factors) can act continuously on a CW-complex Y having the
rational homotopy type of X with all its isotropy subgroups finite (almost free
action); see [23, 7.3] and [25]. If an r-torus T" acts on X by p: T" x X — X, then
the Borel fibration

X — ET" x4, X — BT"

is constructed. Thus, we have a relative Sullivan model
(Qlu1, -, ur],0) = (Qu, ..., ur]) @AV, D) = (AV,d) (%)

for the fibration, where degu; = 2 for ¢ = 1,...,r, Du; = 0 and Dv = dv modulo
the ideal (ug,...,u,) for v € V. According to [Z5, Proposition 4.2], ro(X) > r if
and only if there exists a relative Sullivan algebra of the form (%), such that (AV,d)
is the minimal model for X and dim H(Q[u1,--- ,u,] ® AV, D) < 0.

We recall the spaces My and M; over BS! in Proposition E3.

Proposition A.2. ro(My) =2 and ro(My) = 0.

Proof. Tt follows that ro(Mg) > 2. In fact, we define Dr = u?, Dy = u2 and
Dz = dz = u* in (%). Then, we have dim H (Q[uy, u2]®AV, D) < co. If ro(My) > 3,
then there is a relative Sullivan model

(Q[ula U2, U3], O) - (Q[ula Uz, 7—’*3} ® /\(uv T, Y, Z)a D) - (/\(u’ T, Y, Z)v d) (*)3
such that dim H*(Q[uy,us,us] ® A(u,z,y,2),D) < oco. We write (AW, D) for
(Q[u1,u2,us] @ A(u,z,y,z), D). Then, the result [21, Proposition 32.10] implies
that dim W°94 — dim Wever > 0. However, it follows from (%)3 that dim W°dd —
dim Wever = 3 — 4 = —1, which is a contradiction.

Suppose that rq(M;) > 1. Then, the DGA (AW, D) := (A(x,y) @ A(ui,u, z), D)
in (x); for M; satisfies the condition that Dx = Dy = 0. Indeed, let Dz =
ryu +u* + f + axyuy for some f = f(u,u;) € Qu,u;] and a € Q. We have

DDz = gyu — hzu + agyu; — ahaxuy # 0

it Dx = g(u,u1) # 0 or Dy = h(u,u1) # 0 in Q[u,u1]. Thus the differential D is
trivial on A(z,y). We consider the odd spectral sequence converging to H(AW, D).
The Ey-term is a DGA of the form (A(x,y),0)@A(u1,u, 2), D,) with D,z = u*+ f.
Thus, by applying [Z1, Proposition 32.10] again, we see that the FEj-term is of
infinite dimension. Proposition B implies that dim H(AW, D) = oo, which is a
contradiction. We have ro(M;y) = 0. O

We conclude this section with comments on upper and lower bounds of the
cohomology interleaving distance. The proof of Proposition B=3 enables us to deduce
the following result.

Proposition A.3. Let v; : M; — BS! be the space over BS' in Proposition
for each j =0 and 1. Then, cup(vy)g = 3 and cup(vi)g = 6.

It follows that the equalities in the inequalities in Proposition B3 and Remark
610 do not hold in general. In fact, we have
| dEonro(Mo, CP°) = dEiopr,q(Mi, CP°)]
1

7 1
= 3- 3 < dOCOhLQ(MO,Ml) =3< 5= §max{cup(vo)@_) + 1, cup(v1)g + 1}
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Observe that the first equality follows from Proposition B4.
We have cupg(CP?) = cupg(fs,1) = 3. Then, Proposition E9 (1) and Proposi-
tion B3 allow us to deduce that
1
= —max{3 + 1, cup(vo)g + 1}.

dEonr,o((CP?, f31), M) =2 = 5

On the other hand, the inclusion CP? — (93 x §3) x CP3 = My defined with a base
point in S x 3 satisfies the assumption in Proposition B3 (i); see also Remark G4.
Thus, the evaluation in the proposition gives the inequality d,,o(CP?, My) < 3.
The equality in Proposition B3 does not hold either in general.

4
2

List of Symbols

symbol meaning page
a the functor « : K[u]-Ch — Chg’g) 1}
cup® the cup-length s
dcont  the cohomology interleaving distance of persistence dg mod- 1@
ules

d’éohl the (even, odd) cohomology interleaving distance of dg @I
K[u]-modules
d’é ohrk the (even, odd) cohomology interleaving distance of spaces 1

dinc  the interleaving distance in the homotopy category @
| ], [ 1 the floor function, the ceiling function [m o
Sk the functor S* : K[u]-grMod — K][t]-grMod m
A (X) the Sullivan minimal model for a space X ari
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