ON FELIX-TANRE RATIONAL MODELS FOR POLYHEDRAL
PRODUCTS

KATSUHIKO KURIBAYASHI

ABSTRACT. The Félix—Tanré rational model for the polyhedral product of a
fibre inclusion is considered. In particular, we investigate the rational model
for the polyhedral product of a pair of Lie groups corresponding to arbitrary
simplicial complex and the rational homotopy group of the polyhedral product.
Furthermore, it is proved that for a partial quotient N associated with a toric
manifold M, the following conditions are equivalent: (i) N = M. (ii) The
odd-degree rational cohomology of N is trivial. (iii) The torus bundle map
from N to the Davis—Januszkiewicz space is formalizable.

1. INTRODUCTION

Toric varieties are fascinating objects in the study of algebraic geometry, com-
binatorics, symplectic geometry and topology. For a nonsingular toric variety, so-
called a toric manifold, is given by the quotient of a moment-angle manifold by a
torus action with Cox’s construction. By generalizing the construction of moment-
angle manifolds, we obtain a moment-angle complex and more general polyhedral
products [1, 14, 16], which are defined by the colimit of spaces with gluing data
obtained from a simplicial complex. Thus we are also interested in the generalized
ones.

In [11], Félix and Tanré have given a rational model for a polyhedral product
of a tuple of spaces corresponding to an arbitrary simplicial complex. One of the
aims of this manuscript is to construct a tractable rational model for a polyhedral
product by refining the model due to Félix and Tanré. By applying the construction
to a polyhedral product for a pair of Lie groups, we have a result on the rational
homotopy groups of the polyhedral product; see Theorem 1.2 and Proposition 4.1.

Moreover, the formality of a toric manifold and the non-formalizability for a par-
tial quotient, which is not a toric manifold, are discussed with their models induced
by the Félix and Tanré rational models for polyhedral products; see Theorems 1.6,
5.1 and 5.5 for more details.

Throughout this article, each space X is assumed to be connected and (Q-)locally
finite; that is, the rational cohomology group H*(X; Q) is of finite dimension for i >
0. In the rest of this section, we describe our main results more precisely. Following
Kishimoto and Levi [16], we define a polyhedral product with the homotopy colimit
instead of the colimit; see also [17] for the study of the Davis-Januszkiewicz space
with the homotopy colimit functor.
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Definition 1.1. ([16, Definition 1.2]) Let (X, A) := ((X1,41), ..., (Xm, Am)) be a
tuple of spaces with A; C X; for each i and K a simplicial complex with m. The
polyhedral product (X, A)¥ of the tuple (X, A) corresponding to K is defined by

(la A)K = hOCOhmO'EK(Xv A)Jv
where (X,4)? =Y; x .-+ x Y, with

Yi = { X; t€o.
We write (X, A)X for (X, A)X if there are a space X and a subspace A such that
X; = X and A; = A for each i.

In what follows, we assume that a simplicial complex K has no ghost vertices
unless otherwise specified.

Suppose that each (X;, A;) is a pair of CW-complexes. Then, the natural map
colim, ¢y (X, A)" — (X, A)? is a cofibration. Thus, in view of [18, §2 and Propo-
sition 4.8] and also [5, Proposition 8.1.1], we have a weak homotopy equivalence

(X, A)% =% colimeer (X, A)7 = | J (X, 4)7 = 2k (X, A).
ceK

In particular, by definition, the moment-angle complex Zx(D?,S!) correspond-
ing to a simplicial complex K is the colimit |J, ¢, (D?,S")? and then it is weak
homotopy equivalent to the polyhedral product (D2, S1).

Our first result is concerned with the rational homotopy groups of a polyhedral
product of a pair of Lie groups. We denote by m..(X)g the rational homotopy group
7m(X) ® Q for a pointed connected space X whose fundamental group is abelian.

Theorem 1.2. Let G be a connected compact Lie group and i : H — G the inclusion
of a mazimal rank subgroup. Suppose that G/H is simply connected and (Bi)*(xy)
is decomposable in H*(BH;Q) for each generator xi of H*(BG;Q). Then, one
has a short exact sequence of rational homotopy groups

0 —> 1 (G, H)X )g — m.((G/H, %) )g > 7o (" H)g —> 0

for arbitrary simplicial complex K with m verticies, where 0, denotes the connecting

homomorphism of the homotopy exact sequence of the middle vertical sequence in
(1.1) below.

We stress that the exactness in the theorem above does not depend on any
property of the given simplicial complex K.

Remark 1.3. While we do not pursue topics on the cohomology H*((G, H)%;K)
with coefficients in arbitrary field K, in order to compute the cohomology algebra,
we may use a commutative diagram

(1.1) (H, H)K =—— (H,H)X =——=T1"H

| | |

(EG, H)K ~— (G, H)K —=TI"G

i I l

(BH, %)X <X (G/H, K —~T1I"G/H.
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in which vertical sequences are fibrations; see [8, Lemma 2.3.1]. We can regard the
lower squares as pullback diagrams.

Before describing our main result on a partial quotient, we recall some terminol-
ogy in rational homotopy theory.

A commutative differential graded algebra (henceforth, CDGA) (A, d) consists of
a non-negatively graded algebra A and a differential d on A with degree +1. Let
Apr(X) be the CDGA of polynomial differential forms on a space X; see [9, 10
(¢)]. Tt is worthwhile mentioning that there exists a morphism of cohain complexes
from Apr(X) to the singular cochain algebra of X with coefficients in the rational
field Q which induces an isomorphism of algebras between cohomology algebras;
see [9, 10(e) Remark].

By definition, a Sullivan algebra (A,d) is a CDGA whose underlying algebra A
is the free algebra AW generated by a graded vector space W and for which the
vector space W admits a filtration Wo € Wy C ---W,, C --- with W = {J, W;,
d(Wy) =0and d : Wy, — AWj_4 for k > 1. We say that a Sullivan algebra (AW, d)
is minimal if d(w) is decomposable for each v € W.

A morphism ¢ : (A,d) — (B,d') of CDGA’s is a quasi-isomorphism if ¢ induces
an isomorphism on cohomology. A rational model (A,d) for a space X is a CDGA
which is connected with Apr (X) by using quasi-isomorphisms. We call the rational
model (A,d) a (minimal) Sullivan model for X if it is a (minimal) Sullivan alge-
bra. Observe that each space has a unique minimal Sullivan model; see [9, 14(b)
Corollary]. A space X is formal if there exists a sequence of quasi-isomorphisms
between a Sullivan model for X and the cohomology H*(X;Q) which is regarded
as a CDGA with zero differential. We refer the reader to the books [13], [9] and
[10] for rational homotopy theory and its applications to topology and geometry.

Definition 1.4. (cf. [19, V]) A map p : E — B is formalizable if there exists a
commutative diagram up to homotopy

AprL(p)
App(B) Z225 Ap (B)

=/ | 1=

(AW, d) ——— (NZ,d")

~| |=

H(B:Q) —— H'(E;Q)

in which (AW, d) and (AZ, d’) are minimal Sullivan algebras and vertical arrows are
quasi-isomorphisms; see [9, 12 (b)] and [15, Chapter 5] for the homotopy relation.

For a simplicial complex K, define Zx(C,C*) by the colimit colim, ¢ (C,C*)".
Then, we have weak equivalences
(D?, 8" =4 colimex (D?, §%)"—+ 2k (C,C),
where 4 is the inclusion; see [5, Theorem 4.7.5]. Let Xy be a compact toric man-
ifold associated with a complete and smooth fan ¥; see [7, §3.1]. We then have a
homeomorphism Xy 2 Zx(C,C*)/H via Cox’s construction of the manifold, where
K is the simplicial complex with m vertices associated with the fan 3 and H is a
subgroup of the torus (C*)™ which acts on Zx (C, C*) canonically and freely; see [7,
Theorem 5.1.11] and [5, Theorem 5.4.5, Proposition 5.4.6]. Moreover, the quotient
Zk(C,C*)/H' by a subtorus H' C H is called a partial quotient.
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We recall the pullback diagram in [12, The proof of Proposition 3.2]. Let Xy
be a toric manifold associated with a fan ¥ and Zx(C,C*)/H Cox’s construction
of X, mentioned above. Then, we have a commutative diagram consisting of two
pullbacks

(1.2) EG xp Zx(C,C*) -~ (EG)/H —= EL
EG %6 2(C,C*) —— BG —— BL,

where G = (C*)™ and L = (C*)™/H. We observe that right two vertical maps are
principal L-bundles and that the maps p and ¢ are fibrations associated with the
universal H-bundle and the universal G-bundle, respectively. Since the group H
acts on Zx (C, C*) freely, it follows that the Borel construction EG x g Zx(C,C*)
is homotopy equivalent to the toric manifold Xy.

Let H' be a subtorus of H. Then, we may replace H and L in the diagram
(1.2) with H' and L' := (C*)™/H, respectively. With the replacement, the upper
left corner in the diagram is regarded as the partial quotient Zx(C,C*)/H’ ~
EG Xyt ZK((C,(C*)

Remark 1.5. Tt follows from [5, Theorems 4.3.2 and 4.7.5] that the Borel construc-
tion EG x¢ Zx(C,C*) is homotopy equivalent to the Davis-Januszkiewicz space
DJ(K) := (BS', %)X, Since the fan that we consider is complete, it follows from
the result [7, Theorem 12.1.10] that Xy is simply connected. Then, we have an ex-

(7H )«

act sequence 0 — 7, (Xy) — m.(DJ(K)) O me—1(G/H) —= 0. By considering

the center vertical fibration mentioned in (1.1), the exact sequence in Theorem 1.2
is regarded as an analogy of the sequence above.

The following result characterizes a toric manifold among partial quotients as-
sociated with the manifold.

Theorem 1.6. Let Zi(C,C*)/H be a toric manifold and H' a subtorus of H. For
the partial quotient Zx (C,C*)/H', the following conditions are equivalent.
(i) H=H.
(i) H°(Z2k(C,C*)/H";Q) = 0.
(i) The map ' : Zx(C,C*)/H' — DJ(K) in the diagram (1.2) is formaliz-
able.

Remark 1.7. As seen in Theorem 5.1, a toric manifold is formal. However, we do
not know whether a general partial quotient is formal.

An outline for the article is as follows. Section 2 recalls the construction of the
Félix-Tanré rational model for a polyhedral product and discusses the naturality
of the models. In Section 3, we give a tractable rational model for a polyhedral
product and some examples for the model. Section 4 constructs a rational model
for the polyhedral product (G, H)¥ of a pair of Lie group and closed subgroup cor-
responding to arbitrary simplicial complex K. With the model, we prove Theorem
1.2. In Section 5, we show that every compact toric manifold is formal. Section 6
is devoted to proving Theorem 1.6.
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2. A RECOLLECTION OF THE FELIX—-TANRE RATIONAL MODELS FOR
POLYHEDRAL PRODUCTS

While the construction of a rational model in [11] for a polyhedral product is
defined by the colimit construction, it is also applicable in constructing a rational
model for (X, A)¥ obtained by the homotopy colimit as in Definition 1.1. In this
section, we summarize the result.

Let ¢j : Aj — X be the inclusion and ¢; : M; — M/ a surjective model” for
tj, namely, an epimorphism of CDGA’s which fits in a commutative diagram

(2.1) AW; — 2 AV

ui/: :\Lv

Apr(Xj) —= Apr(4;)

with quasi-isomorphisms u and v. We observe that .7 is surjective; see [9, Propo-
sition 10.4 , Lemma 10.7]. For each 7 ¢ K, let I, denote the ideal of @;-, M,
defined by I, = F4 ® --- ® E,,, where

B — M; i§§7’
‘ Ker ¢, €.

Theorem 2.1. ([11, Theorem 1]) There is a sequence of quasi-isomorphisms con-
necting the CDGA Apr (X, A)X) and the quotient (R~ M;)/J(K), where J(K) :=
ngEK I,; that is, the quotient is a rational model for (X, A)X.

In what follows, we may call the the quotient CDGA in Theorem 2.1 the Féliz—
Tanré (rational) model for the polyhedral product (X, A)X.

Remark 2.2. We observe that the polyhedral product (X, A)¥ is defined by the
homotopy colimit on the diagram associated to the simplicial complex K. While
the nilpotency of each space in the pairs (X;, A;) of CW complexes for 1 <i <m
is assumed in [11, Theorem 1], the conditions is not required in Theorem 2.1. In
fact, for each inclusion ¢; : A; — X, we have a commutative diagram

Ly

S(A; S(X;
1S045)] 5 1SX5)
with the singular simplex functor S( ) and the realization functor | |. Then, this

enables us to obtain a sequence of weak homotopy equivalences
(2.3) (X, A)F <= (X!, A)K =% colime e (X, A)7 = Uy e (X, 4)7,

where each pair (X/, A}) denotes the pair (]S(X;)l,[S(4;)]); see the paragraph after
Definition 1.1. A surjective model for each inclusion A; — X; is regarded as that
for the inclusion A’ — X7. Thus, with the models and by applying [9, Proposition

*The existence of the model: We consider a Sullivan representative for ¢;; see [9, page 154].
The proof of [9, Lemma 13.4] enables us to replace the homotopy commutative diagram of the
representative with a strictly commutative diagram. By applying the surjective trick ([9, §12 (b)]),
we have a surjective model for the inclusion.
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13.5] inductively as in the proof of [11, Theorem 1], we can prove Theorem 2.1
without assuming that spaces X; and A; are CW-complexes and nilpotent.

In order to confirm the naturality of the model in Theorem 2.1 with respect to
an inclusion of simplicial complexes and also given surjective models, the outline of
the proof of Theorem 2.1 is recalled below.

By using surjective models ¢; : M; — M, for each o € K, we have a CDGA

D7 = Qe Mi ® Q,4, M} and a map & : (Q2, M;)/J(K) — D7 of CDGA’s

defined by
T; 1€0
o\T;) = .
$o(wi) { pi(z;) i1¢o.
It is readily seen that &, is well defined. The induction argument in the proof of [11,
Theorem 1] yields that the maps &, of CDGA’s give rise to a quasi-isomorphism

m

a: (QMi)/J(K) = limyex D

We also observe that the fact is proved by using [9, Lemma 13.3] which gives a well-
defined quasi-isomorphism between appropriate pullback diagrams in the category
of CDGA’s. Thus, with the same notation as in Remark 2.2, we have a sequence
of quasi-isomorphisms

(24) Apr((X, A)F) —=— A}, (X!, A)") < App(colimper (X!, A')7)

~

n
limge g Apr (X, A)7) <2 limye g D7 <—2—— (@, M;)/J(K)

in which the first two quasi-isomorphisms are induced by the weak equivalences in
(2.3), ® is defined by the surjective models ¢; and 7 is induced by natural maps
(X,A)” — (X, A)E. Tt follows from [18, Proposition 4.8] and [5, Proposition 8.1.4]
that ® and n are quasi-isomorphisms, respectively. This enables us to obtain the
rational model for the polyhedral product (X, A)¥X in Theorem 2.1. Moreover, the
construction above of the model yields the following proposition.

Proposition 2.3. The Féliz—Tanré rational models are natural with respect to
surjective models which are used in constructing the models of polyhedral products
and an inclusion of simplicial complezes.

The rational cohomology of the moment-angle complex Zg (D?, S') is isomorphic
to the torsion product Torgy, ... ,.1(Q[t1; .-, tm]/I(K),Q), where degt; = 2 and
I(K) denotes the ideal generated by monomials ¢;, - - t;, for {i1,...,45} ¢ K, which
is called the Stanley—Reisner ideal associated with K; see [12, 10.1]. Thus, a CDGA
of the form

(2.5) (AN(Ziy oy @) @ QLt, -+ Lt/ I(K), d(z;) = t;)

computes the cohomology algebra H*(Zx(D?,S');Q). Here SR(K) denotes the
Stanley—Reisner algebra Q[t1,- - ,tm]/I(K).

Remark 2.4. The inclusion i : S' — D? admits a surjective model of the form
7w (A(z,t),d) = (A(x),0), where 7 is the projection, d(z) = ¢ and degx = 1. By
virtue of Theorem 2.1, we see that the CDGA (2.5) above is a rational model for
Zx(D?,81).
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Ezample 2.5. Let K be a simplicial complex with m vertices and j : K — 2™ the
inclusion. The map j induces the inclusion j : (BS', %)X — II™(BS"). We choose
the projection (A(t),0) — Q as a surjective model for the inclusion * — BS!, where
degt; = 2 for i = 1,...,m. By Theorem 2.1 and Proposition 2.3, we have a model
(A(t1, ey b)), 0) = (A(t1, oot ) /I(K),0) = (SR(K),0) for j which is the natural
projection. As a consequence, we see that the inclusion 5 is formalizable in the
sense of Definition 1.4.

3. COMPARATIVELY TRACTABLE RATIONAL MODELS FOR POLYHEDRAL
PRODUCTS

The Félix-Tanré rational model for a polyhedral product (X, A)¥ depends on
the choice of surjective models for the inclusions in the given tuple (X, A). While
the model is complicated in general, the underlying algebra is adjustable in the
sense of Theorem 3.1 below. In fact, we show that the underlying algebra of the
model has a particular form which is regarded as a generalization of the rational
model for a moment-angle complex; see Remark 2.4.

We recall the CDGA in (2.5). With this mind, we may call a CDGA (A4,d) a
Stanley—Reisner (SR) K-type if the underlying algebra A is of the form

Q(AV; @ B;))/(bs, -+ bj.

Jj=1

bj € B, {j1, s} ¢ K),

where B; is a free commutative algebra. The term ‘K-’ may be omitted if it is clear
from the context.

Theorem 3.1. Each polyhedral product (X, A)X has a SR type CDGA model; that
is, there is a sequence of quasi-isomorphisms of CDGA’s connecting Apr (X, A)X)
and a Stanley-Reisner K-type CDGA.

Proof. For each j, let p; : AW; — AVj be a surjective model for the inclusion ¢; :
Aj; — Xj. Since ; is surjective, the vector space W; admits a decomposition W; =
Wi @ W/ which satisfies the condition that gpj|WJ< : W = V; is an isomorphism
and <pj|W]g/ = 0. In fact, we choose indecomposable elements wy of AW, so that
@;(wy) = vy for a basis {va}rea for Vj. Then, we have a decomposition

W, 2 Qfux | A€ A} @ Q{u] |y €T}

with some index set I". Let P(vy) be the polynomial on v)’s which represents ¢; (wﬁ/’ )
in AV;. Putting W/ := Q{w/ — P(w,)}, we have the decomposition required above.
Theorem 2.1 yields the result. (]

We provide a more tractable SR type model for a polyhedral product of a fibre
inclusion. For 1 < j < m, let F N X; LN Y; be a fibration with simply-
connected base. Assume that H*(Y};Q) is locally finite for each j. Then, a relative
Sullivan model p; for the map p; gives a commutative diagram of CDGA’s

Ly

AW — (AV; ® AW, dj) — (AV;, d;)

S T S

J

p j
Apr(Y;) ——= Apr(X;) —— Apr(F})
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in which vertical maps are quasi-isomorphisms; see [15, 20.3 Theorem|. The upper
sequence is called a model for the fibration. It follows from the construction that
t; is a surjective model for ;. If p; is minimal, by definition, we see that d(V}) C
(AZ2V;) @ AW; + AV; @ ATW; in the SR type CDGA. By virtue of Theorem 2.1,
we have

Proposition 3.2. With the same notation as above, the polyhedral product (X, F)¥
for the tuple of fibre inclusions ¢; has a SR type CDGA model of the form

ML) = (QAV; @ AW)))/(byy by, | by € W (i, i} ¢ K). )

for which d(W;) C AW and d(V;) C (AZ2V;) @ AW, + AV; @ AT

Remark 3.3. The model in Proposition 3.2 is not a Sullivan model in general.
However, if we construct a Sullivan model by using the model, then for example, we
may obtain information on the rational homotopy group of (X, F)¥; see Example
4.3 below.

Ezample 3.4. (i) Let S' — ES!' — BS?! be the universal S'-bundle and K be a
simplicial complex with m vertices. Then, we have a model for the bundle of the
form A(dz) — A(dz)@A(x) % A(x), where 7 is the canonical projection and deg x =
1. Tt follows from Proposition 3.2 that M((ESt, S1)E) 22 (A(zy, ..., 2m)RSR(K), d)
where d(z;) = dz;; see Remark 2.4. Observe that Zx(D? S1) ~ Zx(ES!, S1) ~,,
(ESY, SH)K: see [8, page 33] for the first homotopy equivalence.

(ii) Let X be a simply-connected space and LX the free loop space, namely the
space of maps from S' to X endowed with compact-open topology. The rotation
action of S' on the domain of maps in LX induces an S'-action on the free loop
space. Thus we have the Borel fibration LX - ES! xg1 LX & BS!. We write
(LX), for the Borel construction ES! x g1 LX. Let (AV,d) be the minimal model
for X. Then, the result [21, Theorem A] asserts that the sequence

A B (M) @ AV & T),8) = (ANV aV),d)

is a model for the Borel fibration, where ¢§'(v) = d(v), §' () = —sd(v) and du =
&' (u) + ts(u) for u € V @ V. The map 1 is the projection and hence a surjective
model for 7. Thus Proposition 3.2 enables us to obtain a Félix—Tanré model for the
polyhedral product ((LX)p, LX) of the form (@ (A(V; ® V) ® SR(K), ®;5;).

(iii) We can apply Theorem 2.1 to an explicit surjective model for an inclusion.
Let X be a space as in (ii) and (AV, d) a minimal model for X. Then, the projection
ANV @V,§) — (AV,d) is a surjective model for the inclusion X — LX defined by
assigning the constant loop at z to a point z. In fact, the inclusion is a section of
the evaluation map evy : LX — X at zero. The inclusion (AV,d) — (A(V @ V,d)
gives rise to a model for evy. By considering the rational homotopy, we have the
result. Thus, Theorem 2.1 allows us to construct a model for the polyhedral product
(LX, X)X of the form

(QAV: @ V) /@i, T, | T € Vi {in, s} € K)
i=1

for which d(V;) C AV.

Proposition 3.2 enables us to deduce the following result.
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Corollary 3.5. Let K be a simplicial complex with m vertices. For 1 < j <m, let
F; = X; = Y be a fibration with simply-connected base Y;. Then there is a first
quadrant spectral sequence converging to H*((X, F)¥;Q) as an algebra with

By = (QH(Fj;Q)) @ H* (Y, %) ;Q)
j=1

as a bigraded algebra, where EY? = ((®;":1 H*(F;;Q)) @ HP((Y,%)5;Q))rta.

Proof. With the same notation as in Proposition 3.2, we give the CDGA M((X, F)¥)
a filtration associated with the degrees of elements in ®; A W;. The filtration gives
rise to the spectral sequence; see [9, 18(b) Example 2]. O

Let HH,.(Apr (X)) denote the Hochschild homology of Apr(X). There exists
an isomorphism HH,(Apr(X)) = H*(LX;Q) of algebras; see [21] and [9, 15(c)
Example 1]. Therefore, Example 3.4 (ii) allows us to obtain the following result.

Corollary 3.6. Let X be a simply-connected space. Then, there exists a first
quadrant spectral sequence converging to the cohomology H*(((LX ), LX)¥:Q) as
an algebra with

By = HH.(Apr(X))®™ @ SR(K)
as a bigraded algebra, where bideg x = (0,degz) for x € HH,.(Apr(X)) and
bideg t; = (2,0) for the generator t; € SR(K).

Remark 3.7. Let F} i X; % B; be a fibration for each 1 < j < m. Suppose
further that each (Xj, Fj) is a pair of CW-complexes. Then, the Félix and Tanré
rational model for (X, F)¥ in Proposition 3.2 associated with the fibre inclusions
is nothing but the relative Sullivan model for the pullback

(F,F)X ==T1"F

| |

(X, F)f —=TI"X

| !

(B, %) —=TI"B
which is introduced in [8, Lemma 2.3.1]. In fact, this follows from [15, 20.6].

4. A RATIONAL MODEL FOR THE POLYHEDRAL PRODUCT OF A PAIR OF LIE
GROUPS

In this section, we consider a more explicit model for the polyhedral product
(G, H)X for a pair of a Lie group and a closed subgroup corresponding to arbitrary
simplicial complex K. In particular, we have a manageable SR type model for
(G, H)X. Indeed, the rational model is determined by the image of the character-
istic classes of BG by the map (Bi)* : H*(BG;Q) — H*(BH;Q) for the inclusion
i : H — G} see Proposition 4.1 for more details of the model. By using the model,
we prove Theorem 1.2.

Let G be a connected Lie group and H a closed connected subgroup of G. Let
H % G5 G/H be the principal H-bundle. In order to obtain a rational model for
G, H)X | we first construct an appropriate surjective model for the fibre inclusion
i.
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Consider the fibration EH — EH xz G % G/H associated with the bundle 7.
Since EF H is contractible, it follows that the map ¢ is a weak homotopy equivalence.
Moreover, we have a homotopy pullback diagram

(4.1) G—= @

4 !

EH x5 G "~ EG

| |pe

BH BG,

i
where vertical sequences are the associated fibration and the universal G-bundle,

respectively, and h is a map defined by h([z,g]) = Ei(z)g. There exists a model
for the universal bundle of the form

(AVBg,0) —= (AVpe ® APg,d) — (APg,0)
zl/mBG o :imEG :\L
Apr(BG) Apr(Ec) Apr(G),

such that d(z;) = y; and mg.(z;) = U; for z; € AV, where ¥; € Apr(Eg) with
d¥; = ptmpe(yi). Then, by applying the pushout construction [9, Proposition
15.8] to the model of the bundle pg, we have a model

(AVia,0) —= (AVsg ® APg,d) —— (APg,0)

:\L E\Lm gi/’mc
APL(L)
APL(BH) e APL(EH Xy G) —— APL(G)

of the fibration of the left hand side in the diagram (4.1) in which d(z;) = (Bi)*y;.
Furthermore, the maps 7, ¢ and ¢ mentioned above fit in the commutative diagram

G—=>FEHxG G

ok

EH g G —> G/H,

~

where horizontal arrows are (weak) homotopy equivalences. Thus, the Lifting
lemma [9, Proposition 14.6] implies that a Sullivan model ([9, 15(a)]) for ¢ is re-
garded as that for 7. Consider a commutative diagram

(AVBH @ APg,d) . (AVpr ® ANPg @ NPy, 0) % (APg,0)

=|m >
APL(EH Xy G) Are(t) APL(G)

of CDGA’s in which j is an extension, 7 is the projection and the differential 0 is
defined by 9(u;) = t; for u; € Py, t; € Vgy and 0(x;) = (Bi)*(y;) for z; € Pg.
Observe that H*(APg,0) = H*(G;Q) and v is a quasi-isomorphism. Then, we see
that the projection v : (A\Vpg ® AP ® APg,d) — (APg,0) is a surjective model
for the inclusion H — G. Thus, Proposition 3.2 yields the following result.

Proposition 4.1. One has a rational model of the form
(4.2) (AP)®™ @ (AVBE ® APG)®™ [1(K)),0)
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for the polyhedral product (G, H)X, where I(K) denotes the Stanley—Reisner ideal
generated by elements in (AVpx ® NPg)®™.

Ezxample 4.2. With the same notation as above, suppose further that rank G =
rank H = N. Then, the sequence (Bi)*(y,) for j = 1,..., N is regular. This enables
us to deduce that G/H is formal. There exists a sequence of quasi-isomorphisms

Apr(G/H) <= NVpy © APg = M —>= H*(G/H) = (\Vgu /((Bi)*(y:),d = 0).

The naturality (Proposition 2.3) of the rational model in Theorem 2.1 gives rise to
a commutative diagram

limyex Apr((G/H, ¥)7) <—o— limye g D° o (Q®™ M)/I(K) =: B,

~

)= :lul |

ApL((G/H,%)¥) limee H*(G/H)? < (@™ H*(G/H))/I(K) =: Ba,

where H*(G/H)" := @,c, H*(G/H)” ® @, ¢, Q, u1 and uz are maps of CDGA’s
induced by u; see the sequence (2.4). By virtue of [18, Proposition 4.8], we see
that the map wu; is a quasi-isomorphism. Thus, the commutativity implies that us
is also a quasi-isomorphism. Observe that I(K) = J(K) in the case that we deal
with; see Section 2. We consider the pushout diagram of ¢ along us

(4.3) By —— (APg)®™ @ (®@™ M) /I(K),d)
uziz \LUNQ
By —> ((APn)®™ @ (@™ H*(G/H)) /1(K),0) =: C

where ¢ is the KS-extension induced by the rational model for (G, H)¥X in (4.2);
see [15, Chapter 1] for a KS-extension. It follows from [9, Lemma 14.2] that uy is
a quasi-isomorphism and hence C' is also a rational model for (G, H)%X.

In particular, for the unitary group U(n), the maximal torus T' and every sim-
plicial complex K with m vertices, we have a rational model for (U(n),T)¥ of the

form
m

(A(Zis ey 20)) " @ (®Q[t1, ot /(01 ey 00)) J1(K), D),

where d(z;) = t; and oy denotes the kth elementary symmetric polynomial.

Ezample 4.3. Let K be arbitrary simplicial complex with m vertices. By virtue
of Propositions 2.3 and 4.1, we see that the projection ¢ : (SU(n), SU(k))X —
(SU(n)/SU(k),*)X admits a model given by

q: (/\(xk+1, ..,xn)®7”/I(K)),0) — (/\(x27..7xk)®nl®(/\(‘rk+1, ..,CEn)®m/I(K))7O),

where G(x;) = x; for k+1 < i < n, and degx; = 2i — 1. Since the domain of §
admits a Sullivan algebra, we can construct a KS-extesion for g. Then, it follows
from Lemma A.1 that the projection ¢ is formalizable in the sense of Definition 1.4.

Suppose further that the 1-skeleton of K does not coincide with that of A™.
Then, the minimal model for (SU(n)/SU(k), )X has nontrivial differential whose
quadratic part is also nontrivial; see [9, pages 144-145] for a way to construct a
minimal model for a CDGA. Therefore, the result [9, Theorem 21.6] yields that the
rational homotopy groups m.((SU(n)/SU(k),*)%)q and 7.((SU(n), SU(k))%)q
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have nontrivial Whitehead products. Observe that the Whitehead product on
T ((SU(n)/SU(k))q vanishes.

Let X be a pointed space and 7*(X) := H*(Q(AV),dy) the homology of the
vector space of indecomposable elements of a Sullivan model (AV,d) for X, where
Q(AV) is the vector space of indecomposable elements and dy denotes the linear
part of the differential d. There is a natural map vx from 7*(AV') to Hom(7.(X), Q)
provided 7, (X) is abelian. Moreover, vx is an isomorphism if X is a nilpotent space
whose fundamental group is abelian; see [4, 11.3].

It follows from the proof of [9, Proposition 15.13] that the natural map v is
compatible with the connecting homomorphisms of the dual to the homotopy exact
sequence for a fibration and the homology exact sequence for 7*( ) if fundamental
groups of spaces of the fibration are abelian. Then, by considering the middle
vertical fibration F in (1.1), we have

Lemma 4.4. For each space X in the fibration F, the map vx is an isomorphism.

Proof of Theorem 1.2. We first observe that (G/H, )% is simply-connected. This
follows from the Seifert-van Kampen theorem. Then, we see that 71 ((G, H)¥) is
an abelian group.

In what follows, we consider a Sullivan model for (G, H)¥ with the same nota-
tion as in Example 4.2. Let 8y : Q" M — (Q™ H*(G/H))/I(K) =: B; be the
composite of the quasi-isomorphism us : By — By mentioned above and the pro-
jection @ M — (®™ M)/I(K). Observe that M = A(Vpy @ Pg). Extending
Bo, we define a quasi-isomorphism

B: A= (QM) @AV = AN(&™(Var @ Pg)) & V) —> B.

Let dy denote the linear part of the differential of A;. In order to construct a
minimal Sullivan model for A;, we apply the procedure of the proof of [9, Theorem
14.9]. As a consequence, there exists an isomorphism (AW,d") @ A(U @ dU) = Ay
for which A(U @ dU) is a contractible CDGA, (AW, d’) is minimal, (&™ (Vg ®
Pe))oV =U@®Kerdy = U ®doU @ W and do(W) = 0. By the construction,
we may assume that @™ (Vey @ Pg) C W. Then, we have a quasi-isomorphism
B : (A\W,d') S By and a pushout diagram

(4.4) (AW, d') —= ((APg)®™ @ AW, 0)

IBI\L: iﬁn

BQ (/\PH)®W®B27

in which d(zy) = ty, € Vpy for z;, € Py and I is the canonical inclusion. Therefore,
it follows that the map 8 is a quasi-isomorphism. Moreover, we see that the bottom
right CDGA in the square above is nothing but the CDGA C in Example 4.2.

By applying Lemma A.1 repeatedly to the diagram obtained by combining the
diagrams (4.3) with (4.4) and to a commutative square given by the naturality of
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maps in (2.4), we have a commutative diagram

(4.5) (AW, d') —L—~ (APy)®™ @ AW, 0)

| |~

APL((G/H7*)K) P APL((G,H)K)

rr(q)

Recall that @™ (Veg @ Pg) is a subspace of W. Then, we may write (AVpy ®
APg)®™ @ AW’ for AW. Thus, the upper sequence in the diagram (4.5) gives rise
to a short exact sequence of complexes

0 < (&™Py,0) <— ((®™(Py & Vpu ® Pg)) ® W', 8y) < (W,0), <=0

in which the linear part dy of O satisfies the condition that 9y : APy — AVggy,
Oo(tr) = yr and Jp|peew’ = 0. The last equality follows from the assumption
that (Bi)*zy is decomposable for each k. The homology long exact sequence is
decomposed into a short exact sequence of the form

d/
0< H(&™(Py & Vi @ Pg)) @ W’,0p) < (W,0) <= (6™ Py, 0) < 0,

where dj, denotes the connecting homomorphism. In fact, the linear map dj, coin-
cides with the composite ®™ Py o, O"™(Py ®Vey @ Pg))® W' P W, where pr
is the projection; see the proof of [9, Proposition 15.13]. Thus, Lemma 4.4 yields
the result. (]

Remark 4.5. Let G be a compact Lie group and H be a closed subgroup for which
G/H is simply connected and (Bi)*(xy) is indecomposable in H*(BH; Q) for some
generator zy of H*(BG; Q). Then, we see that the connecting homomorphism

0« m((G/H,%)")g = w1 (1" H)g

is not surjective. The connecting homomorphism is natural with respect to maps
between spaces. Then, in order to prove the fact, it suffices to show that the
connecting homomorphism 8* : 7*(H) — m**1(G/H) is not injective; see the
diagram (1.1). To this end, we show that the map * : 7*(G) — 7*(H) is non
trivial.

Recall the surjective model p : (AVpyg ® APg ® APy,0) — (APg,0) for the
inclusion H — G used in the construction of the model (4.2). Suppose that
(Bi)*(zx) = Y, \it;+(decomposable element) for some generator zj in H*(BG;Q),
where \; # 0 for some 4. Then, it follows that 2;4+ , A;u; is a cocycle in the cochain
complex (Q(AVer ® APg ® APg),dp) and

for i* = H(Q(p)) : HQ(AVpy ® APg ® APy ),00) — H(Q(APg),0) = Py.
For example, we see that . : m.((U(n)/T,*)%)g — me_1(II™T)g is not surjec-
tive for a maximal torus T of U(n).
5. THE FORMALITY OF A COMPACT TORIC MANIFOLD

We prove the following result by using the commutative diagram (1.2).

Theorem 5.1. Every compact toric manifold X is formal.
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This result is proved in [18, 3]; see also [5, Theorem 8.1.10]. The proof of [3,
Proposition 3.1] indeed uses the algebra structure of the cohomology of the toric
manifold. We apply the Félix—Tanré model for DJ(K) in order to prove the fact.

We also use a result due to Baum concerning a characterization of a regular
sequence.

Proposition 5.2. ([2, 3.5 Proposition]) Let A be a connected commutative algebra
and ay,...,a; elements of A”°. Set A = Klxy,...,7;] with degz; = dega; and
consider A to be a A-module by means of the map [ : A — A defined by f(x;) = a;.
Then the following are equivalent:

(i) a1,...,a¢ is a reqular sequence.
(ii) TorAl *(K,A) = 0.
(iii) Torxj “(K,A) =0 forall j > 1.
(iv) A is a projective A-module.
(v) As a A-module A is isomorphic to A ® (A/(a1,...,at)).

The following result gives a rational model for the toric manifold Xy in the proof
of Theorem 5.1.

Lemma 5.3. The map (Bp)oq: DJ(K)— BL' in the diagram (1.2) is formaliz-
able; see Definition 1.4 and the paragraph after the diagram (1.2).

Proof. The result follows from the same argument as in Example 2.5. (]

Proof of Theorem 5.1. Let {v;}7"; be the set of 1-dimensional cones of the fan X
of n dimension. Each v; is in the lattice N of R™ which defines the fan X. Then, it
follows from the construction of the diagram (1.2) that H*(BL) = Q[t], ..., t] as
an algebra. Observe that dim L = dim ¥ = n. Moreover, we see that for i =1, ..., n,

m

(Bp)*(t;) =Y _{mi, vj)t;,

j=1

where ¢; denotes the generator of H*(BG) = Qlt;, ..., t,,,] and m; is the dual basis
for M := Hom(N Z). The Félix-Tanré model for DJ(K) is of the form (SR(K) =

Q[ts, ...y tm]/I(K),0) for which ¢*(t;) = t; for j = 1,...,m. Consider the pushout
constructlon of models ([15, 9]) for the pullback (1.2). Then, by Lemma 5.3 and
[20, Proposition 2.3.4], we have a rational model for Xy of the form

C = (A (21, ..., xp) ® SR(K), d(x;) = Z mg,v;)t

where deg 2; = 1. This also computes the torsion functor Tor};" (BL) (H*(DJ(K)),Q)
if we assign a bidegree (—1,2) to each x;. The result [7, Theorem 12.3.11] asserts
that H°4(Xx;Q) = 0. This implies that Tor;ll*’(*BL)(H*(DJ(K)), Q) =0. It fol-
lows from Proposition 5.2 that ¢*(Bp)*(t}), ..., ¢*(Bp)*(t],) is a regular sequence in
SR(K). Thus, we have a quasi-isomorphism

f:C = SR(K)/(d(x:);i=1,...,n) = H(X5;Q)
defined by f(t;) =t; and f(z;) = 0. O
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Remark 5.4. We can also obtain the rational cohomology of the compact toric
manifold by using the Eilenberg-Moore spectral sequence for the pullback (1.2). In
fact, it follows from the computation of the spectral sequence that, as algebras,

H*(Xx) & Torg-(pr)(H*(DJ(K)), Q) = SR(K)/(Z@?%, vj)t5)-
j=1
One might be aware that the consideration above for the polyhedral product
(C,C*)X is applicable to more general one, for example, (EG, G)¥ for a connected
Lie group G. In fact, for a simplicial complex K with m vertices, we have (homo-
topy) pullback diagrams

(5.1) Xk (o.m = E(I™G) xy (EG,G)X L~ E(I"G)/H — EL

i | |

E(II™G) xyme (EG, G)K B(II"G) —> BL,

where H is a normal (not necessarily connected) closed subgroup of (II"G) and L =
(II"™G)/H. The result [8, Lemma 2.3.2] yields that the natural map E(II"G) xym¢

(EG,G)X 5 (BG, *)¥ is a homotopy equivalence. Then, we have
Theorem 5.5. Suppose that HOdd(XKV(QH); Q) =0. Then Xk (g,m) is formal.

Theorem 1.6 asserts that the condition in Theorem 5.5 is satisfied only for the
toric manifold M among partial quotients associated with M.

Corollary 5.6. With the same notation as above, suppose that HOdd(XK,(G,H); Q) =
0 and H* (XK,(G,H); Q) ~ H* (XK/,(G’,H’); Q) . Then XK,(G,H) =Q XK/7(G/7H/) Zf the
spaces are nilpotent.

Remark 5.7. Suppose that H*(BL) = Q[t}, ..., ¢,]. Under the same assumption as
in Theorem 5.5, we see that X (g ) admits a rational model of the form

(A1 s ) ® (Q) H(G; Q)/1(K)), d(:) = " (Bp)* (1))
in which ¢*(Bp)*(t}), ...,¢* (Bp)*(t],) is a regular sequence.

We observe that, for a compact smooth toric manifold Xy, there is a homotopy
equivalence Xy ~ Xg ((c+)m,g) for which K is a simplicial complex associated
with the fan ¥ and Zx(C,C*)/H is Cox’s construction for Xy. Moreover, the
toric manifold Xy is simply connected and hence nilpotent. Thus, Corollary 5.6
is regarded as an answer of the rational cohomological rigidity problem for toric
manifolds

6. THE (NON)FORMALIZABILITY OF PARTIAL QUOTIENTS
We begin by considering formalizability for toric manifolds.
Proposition 6.1. The map 7y : X — DJ(K) in (1.2) is formalizable.

Proof. By considering the sequence (2.4) for (X, A) = (BS*', ), we have quasi-
isomorphisms connecting Apr(DJ(K)) with SR(K) the Stanley—Reisner algebra.
We can construct a minimal model ¢ : AW — SR(K) for SR(K) so that W =
Q{t1,...stm} @V, where t1,...,t,, give the generators of SR(K), ¢(V) = 0 and
V = V22, The Lifting lemma ([9, Proposition 12.9]) yields a quasi-isomorphism
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¢ : A€W — Apr(DJ(K)). Thus, in particular, the Davis-Januszkiewicz space
DJ(K) is formal. The pushout construction in the proof of Theorem 5.1 gives rise
to a commutative diagram

Apr(mH)

Apr((DJ(K)) Apr(Xs)

- -

AW ! A1, ooy ) @ AW,

where ¢ is a KS-extension. Moreover, we have a commutative diagram of CDGA’s

AW : A1, ooy ) @ AW

¢>i: ~| s

H* (DJ(K); Q) = H"(Xs:Q)

in which ¢ is a quasi-isomorphism defined by ¢(t;) = t; and ¢|y = 0, the map
1 is an extension and f is the quasi-isomorphism given in the end of the proof of
Theorem 5.1. [

Proof of Theorem 1.6. Let Zk denote the space Zx (C,C*). Suppose that H = H'.
Then the partial quotient Zx /H’ is nothing but the toric manifold Xy,. Then, the
result [7, Theorem 12.3.11] implies the assertion (ii).

We recall the proof of Theorem 5.1. Then, we have a rational model

(6.1) C" = (A1, ..y 71) @ SR(K),d(z;) = ¢"(Bp)*(t}))

for Zx /H'. Under the assumption (ii), by Proposition 5.2, we see that the sequence
d(z1),...,d(x;) is regular. Thus the same argument as in the proof of Proposition
6.1 yields (iii).

Suppose that H’ is a connected proper subgroup of H. We show that wg is
not formalizable. We may replace three spaces Zg, the tori H and H' acting
the moment-angle manifold with the polyhedral product (D2, S1)% a compact Lie
group T* and its subtorus with an appropriate integer k, respectively. Assume that
the fan ¥ has m rays and hence K is a simplicial complex with m vertices. If the
fan is of dimension n, then we have an exact sequence 1 — TF — 7™ & 77 5 1
via Cox’s construction of the toric manifold Xs,. With the same notation as in the
proof of Theorem 5.1, since d(z1),...,d(x,,) is a regular sequence, it follows from
Proposition 5.2 that H*(DJ(K)) = Qlt1, ..., tn] ® H*(Xx) as a Q[t1, ..., t,]-module.

For a proper subgroup H’ of T%, the quotient L’ of the inclusion H' — T™
is the torus of dimension ! greater than n. Consider the rational model (6.1)
for Zi/H'. We assume that d(z1),...,d(x;) is a regular sequence. Then, by the
same argument as in the proof of Theorem 5.1 with the diagram (1.2), we have
H*(DJ(K)) = Q[t1,....t1] @ H*(Zx /H') as a Q[t1, ..., t;]-module. By considering
the Poincaré series of H*(DJ(K)) in two ways, we have an equality

1
(1 — t2)

where P;(t) and Py(t) are the Poincaré series of H*(Zx/H') and H*(Zx/H) =
H*(Xy), respectively. Since the partial quotients are manifolds of finite dimensions,
it follows that P;(¢) and P»(t) are polynomials. This contradicts the equality above
and hence d(x1),...,d(x;) is not a regular sequence.

Pi(t) = Pa(t),



ON FELIX-TANRE RATIONAL MODELS FOR POLYHEDRAL PRODUCTS 17

Suppose that the map 7wy : Zx/H' — DJ(K) is formalizable. By virtue of [20,
Proposition 2.3.4], we have a commutative diagram

APL(WH’)

Apr((DJ(K)) ——"5 App(Zx /H')
o' |~ =
AW : A1,y oy ) @ AW
o= =

H*(DJ(K):Q) == H*(Zx/H': Q).

Consider the fibration Zx — EG x g Zi % (EG)/H’ which fits in the diagram
(1.2). The argument in [8, 4.1] enables us to conclude that Zx is 2-connected;
see also [5, Proposition 4.3.5]. Thus, the homotopy exact sequence of the fi-
bration above yields that Zx/H' ~ EG X g+ Zk is simply connected and hence
HY(Zx/H') = 0.

By Lemma 5.3 and [20, Proposition 2.3.4], we see that Torgy, . (Q, SR(K)) =
Toer1 ] (Q, AW). This implies that the spectral sequence converglng to the
torsion group Torgy, . ,1(Q AW) with E3™ = Torg; — 1(Q, SR(K)) collapses

Q[t1,
at the Es-term. Then, this fact allows us to obtain a sequence

Torp " (Q, SR(K)) = Ey " <2— F~1Tor’s  (Q, AW) —— Tor’s 1 (Q, AW).

Here {F7} denotes the filtration associated to the spectral sequence, P is the poly-
nomial algebra Q[t1, ..., %], p and ¢ are the canonical projection and the inclusion,
respectively. Since d(z1),...,d(z;) is not a regular sequence, it follows form Propo-
sition 5.2 that there is a non-exact cocycle

l
w = E ’U,jl’j —Z
j=1

in F’lTor(a[th“_’tl](Q, AW), where u; and z are in AW. Observe that the torsion
algebra Torgy,  41(Q, AW) is isomorphic to the cohomology H*(A(z1,...,z;) ®
AW,d) as an algebra. We see that degz; = 1 and then n(z;) = 0 for each
j. The element z is of odd degree and in the image of the map i. Thus, since
H°4(DJ(K);Q) = 0, it follows that

which is a contradiction. O
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APPENDIX A. A LIFTING LEMMA

In this section, we describe an algebraic result obtained by the Lifting lemmas
[9, Lemma 12.4 and Proposition 14.6].



18 KATSUHIKO KURIBAYASHI

Lemma A.1. For a commutative diagram (A.1) below with a Sullivan algebra Aq
and a KS-extension I, one has a commutative diagram (A.2) in which u; is a
quasi-isomorphism if u; is for i =1 or 2.

(A1) A —=A @AW

u1\L , \Luz (A2) 111 ! Ay ®\L/\Wl
By 2 Cy uy uz
v T ~ ~ T v’ By o Cq
By e Cy

Proof. By applying the surjective trick ([9, page 148]) to v, we have a diagram

B o Cy
vi/: . :J{v’
PN By Cy ~) N
U1 /ﬁﬁz :T?
— Lol

Ayt o= Bra AS —= 1@ AS

of solid arrows in which three squares are commutative. We observe that S =
By @ dB; and that v’ is defined by v/(c1) = v/(cy) for ¢1 € C; and v/(s) = l5(s) for
s € S. Since A; is a Sullivan algebra, the Lifting lemma [9, Lemma 12.4] enables
us to obtain the map & which fits in the commutative triangle. Thus we have a
commutative diagram of solid arrows

A, B@ASL@;(A@AS

. u

A @ AW - Cs.

U2

Since the map I is a KS-extension, by using [9, Proposition 14.6], we have a dot-
ted arrow us which makes the upper triangle commutative and the lower triangle
commutative up to homotopy relative to A;. Define u; := Ao & and ug := \ o us.
Then, we have the commutative diagram (A.2). By the construction of the map
u;, we see that u; is a quasi-isomorphism if u; is for i = 1 or 2. a
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