TOWARD RIEMANNIAN DIFFEOLOGY

KATSUHIKO KURIBAYASHI, KEIICHI SAKAI, AND YUSUKE SHIOBARA

ABSTRACT. We introduce a framework for Riemannian diffeology. To this
end, we use the tangent functor in the sense of Blohmann and one of the
options of a metric on a diffeological space in the sense of Iglesias-Zemmour.
With a technical condition for a definite Riemannian metric, we show that
the psudodistance induced by the metric is indeed a distance. As examples of
Riemannian diffeological spaces, an adjunction space of manifolds, a space of
smooth maps and the mixed one are considered.

1. INTRODUCTION

Diffeology [B85, 8] provides a natural generalization of differential topology and
geometry. The de Rham theory [I3, I4, 06, 7, 25, 27, [2], sheaf theory [30, 23],
infinite dimensional geometry for partial differential equations [[0] and (abstract)
homotopy theory [d, 21, 22, PR, 34] have also been developed in the diffeological
setting. Moreover, categorical comparisons of diffeology with other smooth and
topological structures are made in [0, 8, B8]. However, it is hard to say that the
development of Riemannian notions of diffeological spaces is sufficient.

In [19], Iglesias-Zemmour has introduced a notion of Riemannian metrics in
diffeology. The definition of the definiteness of the metric on a diffeological space
is described with differential 1-forms on the given space; see [T9, Page 3]. Making
a quote from [20, Page 227], “It is not clear what definition is the best, for many
examples built with manifolds and spaces of smooth maps they do coincide. But
they may differ in general and, depending on the problem, one must choose one or
the other.”

This article introduces a weak Riemannian metric of a diffeological space and its
definiteness using the tangent functor due to Blohmann [2, B]. In particular, the
colimit construction of the tangent functor works well in considering the metrics. As
a consequence, we may deal with Riemannian metrics for a diffeological adjunction
space and the space of smooth maps in our framework simultaneously. A compari-
son between a weak Riemannian metric and the metric due to Iglesias-Zemmour is
made in Propositions B3 and B1M. It is worthwhile mentioning that Goldammer
and Welker introduce another definition of a Riemannian diffeological space in [IT]
by using the tangent space in the sense of Vincent [87]. While it is important to
consider the relationship between two frameworks of Riemannian diffeolgy, we do
not pursue the issue in this article.
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Here is a summary of our main results. Let X be a diffeological space. The
pseudodistance d defined by a weak Riemannian metric on X gives the topology
04 of X. Then, Theorem B3 allows us to conclude that the D-topology of X is
finer than O4. Theorem BTY asserts that the pseudodistance defined by a weak
Riemannian metric on X is indeed a distance if the metric is definite and the diffe-
ology of X is generated by a family of plots which separates points; see Definition
B4 for the separation condition. The necessity of the separateness for a diffeology
is clarified in Example B2.

Theorem B2 yields that an adjunction diffeological space obtained by attaching
two definite weak Riemannian diffeological spaces admits again a definite weak
Riemannian metric. We also see that the space C°° (M, N) of smooth maps endowed
with appropriate diffeology (which may be coarser than the functional diffeology)
admits a weak Riemannian metric, here M is a closed manifold and NV is a weak
Riemannian diffeological space; see Section 6B32. Moreover, it turns out that the
pseudodistance on C*°(M, N) is a distance; see Theorem BE@.

These constructions are mixed. In fact, we obtain a fascinating example of a
definite weak Riemannian diffeological space.

Ezample 1.1. (See Example 59 and Proposition B8 for a more general setting.)
Let M be a closed orientable manifold and (N, gy) a Remannian manifold. The
diffeological adjunction space

C>(M,N)[[ > (M, N)

obtained by the section N — C*°(M, N) of the evaluation map admits a definite
weak Riemannian metric g for which

(@) = ( /M volar) X g,

where the left-hand side is the pullback of the metric g by the canonical injection
t: N —=C>®(M,N)[]yC®(M,N) and voly; denotes the volume form of M.

By applying Proposition BT, which is a result on the pullback of a metric
along an induction, and a general result on a weak Riemannian metric on a map-
ping space, we investigate a special example of mapping spaces, a free loop space.
Proposition B0 shows that the concatenation map, that is important in the study
of string topology [d], preserves the metrics on the loop spaces. This result sug-
gests that our weak Riemannian metric might be well-suited to string topology; see
Section B3.

The rest of this article is organized as follows. Section B recalls the definition of
a diffeological space and gives its examples. In Section B, we introduce a weak Rie-
mannian metric and the (puseudo-)distance on a diffeological space. As mentioned
above, the metric is related to that in the sense of Iglesias-Zemmour. Sections H
and B address metrics on a diffeological adjunction space and a diffeological map-
ping space, respectively. Section B is devoted to considering the warped product
in diffeology. In particular, we investigate a pullback of definite weak Riemannian
diffeological spaces.

1.1. Future work and perspective. The category of diffeological spaces con-
tains manifolds and other spaces with smooth structures; see Example EZ2 below.
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Therefore, diffeology together with the notion of Riemannian metrics (Riemannian
diffeology) produces many issues on smooth spaces. Here are some of them.

i) With the framework of Rimannian metrics, we may consider geodesic calculus
in diffeology as seen in [20].

ii) There exists a fully faithful embedding from the category of manifolds modeled
by locally convex spaces in the sense in [, Section 27] to the category Diff; see [22,
Lemma 2.5]. Then, we are interested in descriptions of weak and strong Riemannian
metrics on manifolds containing mapping spaces with our metrics in diffeclogy; see,
for example, [83, Section 4.1] for the metrics on infinite-dimensional manifolds.

iii) We expect a new development of convergence theory of smooth spaces with
concepts such as connections, curvatures and the Gromov-Hausdorff distance if the
notion of metrics of diffeological spaces combines with elastic diffeology®.

iv) Topological data analysis (TDA) begins usually by putting a data set into an
appropriate metric space, in particular an Euclidean space, and investigate shapes
of the data. Thus, future work includes moreover studying TDA by using a Rie-
mannian diffeological space as the stage putting a data set.

2. PRELIMINARIES

In this section, we recall examples of diffeological spaces and important funda-
mental constructions in diffeology which are used throughout this article. We begin
with the definition of a diffeological space. A comprehensive reference for diffeology
is the book by Iglesias-Zemmour [IX].

Definition 2.1. We call an open subset U of a Euclidean space (of arbitrary
dimension) a domain. A map from a domain to a set X is called a parametrization
of X. The domain of a parametrization P of X is denoted by Up or dom(P).

Let X be a set. A set D of parametrizations is a diffeology of X if the following
three conditions hold:

(1) (Covering) Every constant map U — X for all domains U is in D;

(2) (Compatibility) If U — X is in D, then for any smooth map V — U from
another domain V', the composite V' — U — X is also in D;

(3) (Locality) If U = |J, U; is an open cover of a domain U and U — X is a
map such that each restriction U; — X is in D, then U — X is in D.

An element of a diffeclogy D of X is called a plot of X. A diffeological space (X, D)
consists of a set X and a diffeology D of X.

For diffeological spaces (X, D) and (Y,DY), amap f: X — Y is smooth if the
composite f o P is in DY for each plot P € DX. Then, we have the category Diff
consisting of all diffeological spaces and smooth maps.

A typical example of a diffeological space is a manifold, as in the following
Example 72 (IT). We also have many other examples each of which is not a manifold
in general.

Ezxample 2.2. (1) Let M be a manifold. Then, the underlying set M and the
standard diffeology Dé‘t/[d give rise to a diffeological space (M, Dévt[d), where Dé‘t/fd is
defined to be the set of all smooth maps U — M from domains to M in the usual
sense. We have a functor m: Mfd — Diff from the category of manifolds defined by
m(M) = (M, D). This functor is fully faithful; see, for example, [I, 2.1 Example].

*See [2, B, B] for Lie brackets of vector fields which are defined in a category with a tangent
structure in the sense of Rosicy [82]. We refer the reader to [[] for connections in tangent categories.
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(2) Let G be a set of parametrizations of X. Then define (G) to be the set of all
parametrizations P: Up — X satisfying the following condition:
For any r € Up, there exists an open neighborhood V;. of r in Up such that
Ply, is a constant plot, or there exist @ € G and a smooth map f: V.. — Ug
such that Ply, = Qo f.

Then (G) is a diffeology of X, called the diffeology generated by G.

Let (X, D) be a diffeological space. A subset G C D is a generating family of D
if (G) = D. Examples include generating families Gatjas and Gipm of the standard
diffeology DM, of a manifold M with an atlas {(Vi,px)}rea given respectively
by Gatlas = {ix © @Xls ox(VA) — M | iy is the inclusion, A € A} and the set of
immersions Giy,y, = {immersions f: U & M}.

(3) For a diffeological space (X,D¥) and a subset A of X, we define D7, by
DA, = {P:Up — A | Up is a domain and i o P € DX}, where i: A — X is the
inclusion. Then, the set D4, is a diffeology of A, which is called the sub-diffeology.
We call (A, D2,) a diffeological subspace of X.

(4) Let {(X;,D;)}icr be a family of diffeological spaces. Then, the product
II;c 1 X; has a diffeology D, called the product diffeology, defined to be the set of all
parameterizations P: Up — IL;c; X; such that 7; o p are plots of X; for each i € I,
where 7;: I1;c; X; — X; denotes the canonical projection.

(5) More general, the initial diffeology DY for maps h;: Y — (X;,D;) fori € I
is defined by DY := {P: Up — Y | hyjo P € D, fori € I}. This is the largest
diffeology on Y making all h; smooth. We call an injective map j: X — Y between
diffeological spaces an induction if DX coincides with the initial diffeology for j. It
is immediate that if A is a diffeological subspace of X, then the inclusion A — X
is an induction.

(6) Let (X,D¥X) and (Y, DY) be diffeological spaces. Let C*°(X,Y’) denote the
set of all smooth maps from X to Y. The functional diffeology Dgune is the set
of parametrizations P: Up — C*°(X,Y) whose adjoints ad(P): Up x X — Y are
smooth.

(7) Let F := {fi: Yi = X };ez be aset of maps from diffeological spaces (Y;, D7)
(i € I) to a set X. Then, a diffeology DX of X is defined to be the set of
parametrizations P: U — X satisfying the following condition; for r € U, (i) there
exists an open neighborhood V. of r in U such that P|y, is constant, or (ii) for i € I,
there exists an open neighborhood V,.; of 7 in U and a plot (P;: V,; = V;) € DY
with Ply, , = fio P;. We call DX the final diffeology of X with respect to F. This
is the smallest diffeollogy on X making all f; smooth.

Moreover, by definition, a surjective map 7: X — Y between diffeological spaces
is a subduction if the diffeology of Y is the final diffeology with respect to 7.

We shall say that a smooth surjection 7: X — Y is a local subduction if for a
point © € X and each plot P: Up — Y with P(0) = =n(z), there exist an open
neighborhood W of 0 in Up and a plot Q: W — X such that @Q(0) = z and
™o Q = P‘W

(8) For a family of diffeological spaces {(X;, D;)}icr, the coproduct [[;.; X; has
the final diffeology with respect to the set of canonical inclusions. The diffeology is
called the sum diffeology.

(9) Let (X,D) be a diffeological space with an equivalence relation ~. Then,
the final diffeology of X/~ with respect to the quotient map ¢: X — X/~ is called
the quotient diffeology. In particular ¢ is a subduction.
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The constructions (8) and (B) above enable us to obtain an adjoint pair
~ % X : Diff < Diff : C%(X,-).
Moreover, the limit and colimit in Diff are constructed explicitly by (d) with (B)

and (B) with (8), respectively, via the forgetful functor from Diff to the category of
sets; see also [B, Section 2]. Thus, we have

Theorem 2.3. ([, 06]) The category Diff is complete, cocomplete and cartesian
closed.

Another adjoint pair is given by the D-topology functor and the continuous
diffeology functor
D: Diff = Top : C,
where Top is the category of topological spaces and continuous maps, and
e for (X, DY) € Diff, the topological space D(X) consists of the underlying
set X and the set of open sets O defined by
O :={0 c X | P7}(0) is an open set of Up for each P € DX},

e for Y € Top, the diffeological space C(Y') consists of the underlying set YV
and the diffeology DY = {continuous maps P: Up — Y'}.

Ezample 2.4. The composite of the functor Mfd = Diff L, Top coincides with

the forgetful functor; see [B, Section 3]. We refer the reader to [R, Proposition 3.3],
[84, Proposition 2.1] and [22, Theorem 1.5] for other properties of the adjoint pair.

3. A RIEMANNIAN DIFFEOLOGICAL SPACE

3.1. Diffeological Riemannian metrics. Let Euc denote the category consisting
of domains and smooth maps. Let T: Euc — Euc be the functor defined by

T(U) = U x RimV
and ): Euc — Diff the Yoneda functor. We recall the tangent functor 7': Diff —
Diff from the category of diffeological spaces to itself in the sense of Blohmann [2, 3],
which is the left Kan extension Lyf = Lanyyf of the functor yf: Euc — Diff
along the Yoneda functor Y; see also [28]. For a diffeological space (X, D), it turns
out that :
: im U
T(X)—C]glelgl(UpXR P).

Here, the diffeology D is regarded as a category whose objects are plots of X and
whose morphisms are smooth maps h: Up — Ug with Qo h = P.

By using the functor Th: Euc — Diff defined by To(U) == T(U) xy T(U) =
U x RImU » RAmU  we have the functor Ty := LYTh: Diff — Diff via the left Kan
extension along the Yoneda functor )). Observe that as a diffeological space,

To(X) = colim(Up x RUmUP  RdimUr),
PeD
We may write [z, v1,v2]p for an element in T5(X) which has an element (z, v1,v2)

in Up x RAimUr » RAIMUP fo1 some plot P as a representative.

Definition 3.1. A map g: T2(X) — R is a weak Riemannian metric on X if the
composite JOTE, (Up) is a symmetric and positive covariant 2-tensor on Up for each

plot P of X, where w7, ;) denotes the canonical map To(Up) — To(X).
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Remark 3.2. In the definition above, each map g o T, (Up) is smooth in the usual

sense and then ¢ is smooth in the diffeological sense. In fact, T5(X) is endowed
with the quotient diffeology; see Example B2 (H).

We introduce the Riemannian metric on a diffeological space described in [I9,
Page 3]. To this end, we recall the definition of covariant tensors of a diffeological
space.

Let (X,D¥) be a diffeological space and DX (U) C DX the set of plots whose
domains are the common domain U. Let T*(U) denote the set of covariant k-
tensors on a domain U. A covariant k-tensor v in the sense in Iglesias-Zemmour is
a natural transformation which fits in the diagram

— |
(3.1) Euc®P

Here, we regard DX as a functor in which DX (f): DX (V) — DX (U) is defined by
DX (f)(Py) = Py o f for a smooth map f: U — V.

We may write v(P) for vy, (P). A covariant k-tensor v is (anti-) symmetric if
v(P) is (anti-) symmetric in the usual sense for each P. A (differential) k-form on

a diffeological space X is an anti-symmetric k-tensor on X. The set of all k-forms
on X is denoted by Q¥(X).

Definition 3.3 (|9, p. 3]). Let X be a diffeological space. A 2-tensor g on X is
a Riemannian metric on X if it satisfies the following three conditions.

(1) (Symmetric) The tensor g is symmetric.

(2) (Positivity) For all path v € Path(X) := C*(R, X ), we have g(y) > 0; that
is, g(7)¢(1,1) > 0 for t € dom(y) = R, where 1 = (&), is the canonical
base of Ti(dom(y)) = R.

(3) (Definiteness) If g(v):(1,1) = 0 for v € Path(X), then we have a(v)¢(1) =0
for any o € Q1(X).

Remark 3.4. Another definition of the definiteness is proposed in [T9, p. 3] with
“pointed differential forms”.

Proposition 3.5. Let (X, D) be a diffeological space. There exists a one-to-one
correspondence between the set of weak Riemannian metrics g: To(X) — R and
that of symmetric and positive covariant 2-tensors in the sense of Definition E3.

Proof. A natural transformation {g(P)}pep consisting of covariant 2-tensors gives
rise to the smooth map g (see Remark BX). Given a map g: T2(X) — R such
that g(P) :=go T, (Up) is a 2-tensor on Up for each P € D, we obtain a natural
transformation {g(P)}pep. Then g and g(P) fit into the commutative diagram

UP X Rdim Up x Rdim Up

P
(3.2) "Tywe | ~20
Ty(X) - R.

It is easy to see that g is symmetric if and only if g(P) is symmetric for each P.

We consider the equivalence between the positivity of g(P) and the condition
(B) in Definition B33. Suppose that g(P) is positive for each plot P. Since a path v
is a plot, it is immediate that the condition (2) holds.
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Conversely, suppose that g(P),.(v,v) = 0, where P € D, r € Up and v € T,.Up.
We apply the same argument as in the proof of [20, 243 Exercise 2]. Let 7,(t) =
r+tv and ¥ = P o~y,. Then, we see that g(P),(v,v) = g(v")o(1,1). Thus, the
condition (B) implies that g(P) is positive. As a consequence, the universality of
the colimit yields the result. O

In what follows, we call a diffeological space X endowed with a weak Riemannian
metric g a weak Riemannian diffeological space and denote by (X, g).

Remark 3.6. In order to define a weak Riemannian metric on a diffeological space
X, the elastic conditions on X as in [2, Section 1.2] and [B, Section 2.3.3] are not
assumed. In particular, we do not require the condition that the tangent functor 7'
is compatible with limits; see [2, Axiom (E1)].

We observe that T5(X) is not diffeomorphic to the pullback T'(X) x x T(X) along
the natural map T'(X) — X in general; see [B, Examples 2.3.12 and 2.3.13] and [ZR,
Example 3.9]

Definition 3.7. A weak Riemannian metric g: T2(X) — R is definite if there exists
a generating family G of the diffeology D of X such that the symmetric positive
covariant 2-tensor g(P), which corresponds to g via the bijection in Proposition
B3, is definite in the usual sense for every P € G.

Remark 3.8. Let (X,D,g) be a weak Riemannian diffeological space. In general,
if the diffeology D is generated by the empty set, then the metric g is definite. In
this case, the diffeology D is indeed discrete; see [I8, 1.67].

FEzample 3.9. Let N be a Riemannian manifold endowed with a metric gn. We see
that the metric gy is a definite weak Riemannian metric in the sense of Definition
B= with respect to both generating families Gatlas and Gipm in Example 222 (B).

Proposition 3.10. The definiteness of a weak Riemannian metric in Definition
BT induces that in Definition 3.

Proof. Let g be a definite weak Riemannina metric. To show that g is definite
in the sense of Definition B3, suppose that g(v):(1,1) = 0 for v € Path(X). By
assumption, there exist an open neighborhood V; of ¢t in R, a plot @ € G and a
smooth map f: V; — Ug such that |y, = Q o f. Then, we see that

d d
0= gL D) = 9@ it 1) = @0 (01 0.
The definiteness of ¢(Q) yields that Z—‘i(t) = 0. Thus, for any o € Q'(X), we have
d
aO)u(D) =l )i(1) = 2@ (50) = (@0 0.
This completes the proof. (I

Proposition 3.11. Let (X, g) be a weak Riemannian diffeological space whose met-
ric g is definite with respect to a generating family G and i: A — X an induction.
Then, the map g4 defined by the composite

T2 (i) g

T5(A) R

To(X)
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is a weak Riemannian metric on A which is definite with respect to the generating
family

(3.3) i*G:={PeD"|ioPegG}.

Proof. We show that (i*G) coincides with DA. Since (i*G) C DA is obvious, it
suffices to show that (i*G) D DA. For any P € D4, since i is an induction, we
have i o P € DX. Since G generates DX, it follows that for any r € Up, there
exist an open neighborhood V' C Up of r, an element Q: Ug — X of G, and a
smooth map f: V — Ug with i o Ply = Q o f. Since ¢ is an induction, we have

(A, DA) = (Im(i),’Din(i)) ([T8, 1.36]). Let i: Im(i) — A be the inverse to i. The

fact that 070 @Q = Q € G enables us to deduce that i o Q € i*G. Since the image
of Qo f=1io Py lies in Im(7), we have
Ply =icioPly =ioQo f.
This implies P € (i*G).
The map T» (i) is smooth. Therefore, we see that g4 = goT» (i) is smooth. Thus,
the symmetry and positivity of g imply that g4 is a weak Riemannian metric.

To show that g4 is definite with respect to i*G, suppose ga(P),(v,v) = 0 for
Pei*G,r € Up and v € T,.Up. By definition we have

0=ga(P)(v,v) =g(io P).(v,v).
Since 7 o P is in G, it follows from the definiteness of g that v = 0. (]

Remark 3.12. We observe that the pullback (B3) of G is smaller than that in the
sense in [I¥, 1.75]. But (B33) is enough to generate D4 when i is an induction.

3.2. Riemannian (pseudo-) distance. A weak Riemannian metric g: To(X) —
R on a diffeclogical space X gives a pseudodistance d of X by applying the usual
procedure, as in the case of Riemannian manifolds [29]; that is, the pseudodistance
d: X x X — Rx U {oo} is defined by

B4 dwy) = ), whee ()= [ (g1 0)bar

and d(z,y) = oo if there is no smooth path connecting = and y. Here Path(X;z,y)
denotes the subset of Path(X) consisting of v with v(0) = 2 and v(1) = y.

Theorem 3.13. Letd: X x X — R>( be the pseudodistance on a diffeological space
X defined by a weak Riemannian metric g: To(X) — R. Then the D-topology of
X is finer than the topology O4 defined by d; that is, the D-topology contains Oy.
In particular, the function d on D(X) x D(X) is continuous.

In order to prove the theorem, we need a lemma.

Lemma 3.14. Let di be the Euclidian metric on Up and x € Up NV for some
domain V- C RY™UP  Then there exists a real number k > 0 and an open ball B of
UpNV cenetered at x such that B C UpNV and dp < kdg on B x B, where dp is
the distance defined by the symmetric, positive covariant 2-tensor g(P). Moreover,
if the 2-tensor g(P) is definite, then, one has %dE <dp < kdg on B x B for some
open ball B of Up witht e BCBCcUpNV and k > 0.

Proof. This follows from the proof of [29, Theorem 4.1.8]. The upper bound is given

=

by the continuity of g(P). The definiteness of g(P) yields the lower bound. a
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Proof of Theorem BT3. We observe that X = colimpep Up as a diffeological space.
Since the D-topology functor D: Diff — Top is the left adjoint, it follows that D
preserves colimits. Therefore, natural maps give rise to homeomorphisms

D(X) = D(colim Up) = colim D(Up) = colim Up,
PED PED PED

where the last space is endowed with the quotient topology; see also Example 24
for the fact that D(Up) = Up. Let m: [[pcp Up — X be the subduction. Then
7 [pep Up — D(X) is the quotient map. We show that, for V' € Oy, the set
7Y V)N Up is open in Up with the usual topology for each P € D.

Let 2 be in 7= 1(V)NUp. Since V € Og4, we have a 6-neighborhood U, (P(x);d) of
P(z) which is contained in V. Lemma B4 yields that dp < kdg on B X B for some
open ball B of Up centered at x with B C Up and k > 0. Let ¢ be a positive number
less than min{d, the radius of B}. Then, we see that Uy, (z; ) C Uap(x;¢) C B.
The following Claim B3 allows one to conclude that

7(Uap (@3 7)) € 7(Uap (33€)) C Ua(P(@)ie) € Ual(P(x); ) C V.
This completes the proof. (I

Claim 3.15. 7(Uy, (x;¢)) C Ug(P(2);¢).
Proof. Let g be in Uy, (x;¢). By definition, we see that on Up,

1
_ inf h _ P AVANY )
delag) =, int (), where 6p() = [ (a(Po (/)

Since dp(z,q) < €, it follows that there exists a path v € Path(Up; z, q) such that
dp(z,q) < Lp(y) = 5 < . Define a path ¥ by 7 :== Po~ = 7 o~. Then, we see
that 9(3):(1,1) = g(P 0 1)i(1,1) = 7 (g(P)):(1, 1) = g(P)ye)(+'s"). This implies
that £(3) = 0 and then d(P(z), P(q)) < £(3) = 6 < &; see (Bd). It turns out that
7(q) is in Ug(P(z);¢). 0

Remark 3.16. In the proof of Theorem B3, we do not need the definiteness of the
weak Riemannian metric g. We do not clarify when the topology O4 induced by
a weak Riemannian metric g on a diffeological space X contains the D-topology
on X. Suppose that the metric g is definite and a generating family G gives the
definiteness. Let Oy, be the topology of Up defined by the metric g(P). Then, the
latter half of Lemma B4 yields that P~1(O) NUp € Og, for every D-open subset
O C X and every plot P € G.

Definition 3.17. Let X be a diffeological space. A generating family G of a
diffeology of X separates points if for distinct points p and ¢ in X, there exist a
plot P € G and an open ball B with center x such that P(x) = p, B C B C Up
and each smooth path «y from p to ¢ admits a local lift ¥ in Up with 7(0) = z and
Im~ ¢ B.

Remark 3.18. Both generating families G115 and Gy of a manifold M separate
points.

With the technical condition above, we have the following result.

Theorem 3.19. The pseudodistance d defined by a weak Riemannian metric g is
indeed a distance provided g is definite with respect to a generating family G which
separates points.
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Proof. The proof is verbatim the same as that of [29, Theorem 4.1.6] by replacing
the use of a chart with that of a plot. Suppose that d(p, ¢) = 0 for distinct points p
and ¢q. We choose a plot P: Up — X in G and an open ball B with center x which
satisfy the condition in Definition BT4. The proof of [29, Theorem 4.1.6] allows us
to deduce that there exists a positive number k such that

(35) F1lol] < (9(P)a(v, )% < Kol

for (a,v) € B x R¥mUr_ Let v be a smooth path from p to ¢ and 7 a local lift in
Up stating from a point  with P(z) = p. Then there exists the smallest number
s € (0,1] satisfying u := ~(s) € y([0,1]) N OB. Let 71 = 7|j,5]. Observe that
s >0 and fos(g(P):h(t)(ﬂﬁi))%dt # 0. In fact, if the integration is equal to zero,
then the definiteness condition allows us to conclude that 7, is constant. However,
71(0) = & # u =71 (s). With the radius r of B, we have

1 s
1) = [ antaz [P 0@ b

The last inequality follows from (BH) and a change of variables in the integration.
Then, we see that d(p,q) = inf £(v) > %r, which is a contradiction. |

Remark 3.20. If m: [[pep Up — X is a local subduction (Example 22 (@), see also
[[R, 2.16]), then we may replace the condition “a generating family G separates
points” with a simpler one; “for any distinct p,q € X, there exists a plot P € G
and an open ball B C Up with center x such that P(z) = p, B C B C Up and
q ¢ P(B).” Indeed, for any distinct p and ¢, the following two conditions are
equivalent;

(1) forany P € G with p € P(Up) and any open ball B centered at x (P(z) = p),
we have g € P(B)

(2) d(p,q) =0
It is easy to see that (1) implies (2). Suppose (1) does not hold and let P € G be
a plot that does not satisfy (1). For any smooth path v from p to ¢, we can find a

local lift 4 of v on Up defined near 0. Then, we can prove that £(vy) > r/k (r is the
radius of B, ¢ ¢ P(B)) as in the proof of Theorem BTY.

4. A DIFFEOLOGICAL ADJUNCTION SPACE

We introduce an appropriate setting to construct a weak Riemannian diffeological
space by attaching two such spaces. As seen in Example [, the construction of
the metric is applicable to the spaces of smooth maps.

We consider the diffeological adjunction space obtained by two inductions ¢ and
j into weak Riemannian diffeological spaces

(4.1) X+toatyy
We assume further that
(I) weak Riemannian metrics gx: T2(X) — R and gy : T5(Y) — R on X and
Y satisfy the condition that gx o T5(7) = gy o T2(j): To(A4) — R.
Then, we will construct a weak Riemannian metric g: To(X [[,Y) — R, where
Z = X][[,Y is endowed with the quotient diffeology D%,
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Let f: P — @Q be a morphism in DZ. Then, for s € Up, we have a commutative
diagram

Flwr w
Uf d I}
P Q

Pxy \ / Qxy
P 7 Q

T

XY

here open neighborhoods W’ and W of s and f(s) =: r respectively are taken so
that Pxy and Qxy are plots on X or Y. In fact, plots P and @ are in the quotient
diffeclogy D% and then the local lifting condition of the plots gives the diagram.
We define gy, : To(Up) — R by gu, ((s,v1,v2)) = g(Pxy)((s,v1,v2)). We observe
that gy, ((s,v1,v2)) = gx([s, v1,v2]); see the diagram (B2).

Suppose that Pxy and Qxy are plots Py on X and @y on Y, respectively.
Then, we see that Im Px C i(A), Im (Qy o f) C j(A) and

(4.2) Py =i 'Px=j3"10Qyof=p.

Observe that an induction gives a diffeomorphism between the domain and its
image; see [, 1.36]. We write P: To(U) — T5(Y") for the canonical inclusion

(4.3) {P} x Th(Up) = Tr(Y) = %%%rylwp x RImMUP o RdimUr)
for a weak Riemannian diffeological space Y.

Lemma 4.1. With the notation above, suppose that f.: To(Up) — To(Ug) assigns
(r,u1,u2) to (s,v1,v2). Then, one has gu,((s,v1,v2)) = gu, ((r,u1,uz)).

Proof. By the equalities in (B72), we have the commutative diagram of diffeological
spaces and smooth maps

(flwr)«

4.4 Ty(W' ) 1 W
(4.4) W) oo 24) 2(Y) @ 2(W)
\ ll J,gy
(Pop) = Ty(X) ——— R,

Thus, it follows that

gup ((s,v1,02)) = gx ([s, v1, v2]) = gx (0 ((Pa)«([s, v1,v2])))
= gx (i (p+([s,v1,v2]))) = gy (= (P[5, v1, v2])))
= 9y ((Qug)«((flw)«([s,u1,u2]))) = gug (1, u1, u2)).
We have the result. O

Theorem 4.2. Under the assumption (I) for inductions in the diagram (g1), the
map g: TQ(Z) — R deﬁned by g((87vlvv2)) = gUP((‘g?’Ul”U?)) = gX((SaUhUQ)) for
(s,v1,v2) € To(Upy ) is a well-defined weak Riemannian metric on the diffeological
adjunction space Z = X [[, Y. Moreover, if gx and gy are definite, then so is g.
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Proof. The proof of Lemma B is valid for the case where Pxy and Qxy are
both plots on X or Y. Then, the definition gy, does not depend on the choice of a
neighborhood of s if f is an inclusion. Therefore, the map g is well defined. We show
the smoothness of g. A plot R: Ur — T2(Z) locally factors through {P} x T»(Up).
Moreover, R locally factor through an open subset To(W') of { P} x T2(Up) which
is used when defining the metric g. We see that g is indeed gx or gy on the open
subset T5(W’). This implies that g is smooth.

The latter half of the assertion follows from the definition of g. In fact, let Gx
and Gy be generating families which give the definiteness of gx and gy, respectively.
Then, the definiteness of g is given with the set Gx [[ Gy. O

Remark 4.3. For the inductions in (E0), the universality of the pushout gives the
commutative diagram

To(A) — 2 Ty(Y) :

T2(X)#>T2(X) HTQ(A)TE(Y) o DX, Y)

Jx

The proof of Theorem E=2 enables us to obtain the inverse of a. In fact, by replacing
gx and gy in the diagram (E3) with j and 4, respectively, we have the result.

A smooth embedding between manifolds is an induction. Thus, Theorem I
provides a crucial example. An adjunction diffeological space of M and N does not
necessarily have a generating family which separates points even if M and N do.

Ezample 4.4. We consider the pushout diffeological space Y = R, ]_[(LOO) R5 of the
induction i: (1,00) — R along itself, where R; denotes the copy of R. By virtue of
Theorem B2, we see that the usual metric on R gives rise to a weak Riemannian
metric on Y. A point z € R; is denoted by z; for ¢ = 1,2. We observe that D(Y)
is non—Hausdorff. In fact, the distinct points [11] and [12] is not separated by any
neighborhoods of the points.

For each £ > 0, we have a smooth path « from [11] to [13] with ¢(y) < e. This
yields that d([11],[12]) = 0. This example implies that the inverse of the inclusion
relation of the topologies in Theorem B3 does not hold in general even if the
metric g is definite.

We will see that the diffeological space Y does not satisfy the condition in Def-
inition BT4. Let 7: Ry [[R2 — Y be the subduction. We write (a,b); for the
open interval (a,b) in R;. Then, the set D(7)((1 —e,1 +¢€)1) is open in D(Y) for
a positive number ¢ > 0. However, the set 7((1 — ¢,1 + £)1) is not in Oy4. In
fact, m((1 —e,1+ ¢€)1) does not contain the J-open ball Ug([11],6) with center [11]
for every § with 0 < § < . The element [(1 — £)] is in Uy([11],6) but not in
7((1 —¢e,14¢€)1). This follows from the fact that

] 4] o

d([(1 - 5)2]7 [L1]) < d([(1 - 5)2]7 [12]) + d([1]2, [1]1) = d([(1 — 5)2], [12]) <

We refer the reader to 4, Section 6] for non-Hausdorff Riemannian manifolds;
see also [B1] for many examples of non-Hausdorff manifolds. Moreover, Theorem
g2 allows us to conclude that the adjunction space M =R ]_[(1 ) R? is a definite

|
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weak Riemannian diffeological space which is not a manifold. Observe that D(M)
is non-Hausdorff.

Ezample 4.5. We consider the pushout diffeological space + = R; ]_[{0} Rso. We
see that the diffeology of + has a generating family which separates points; see
Definition BTT4. Moreover, the usual metrics on R = R; and R = R, satisfy the
assumption (I).

5. A DIFFEOLOGICAL MAPPING SPACE

5.1. A subdiffeology of the functional diffeology. Let X and Y be diffeological
spaces and G a generating family of DY. Then, the set C*°(X,Y) of smooth maps
is endowed with the functional diffeology Dpync; see Example 222 (B). We introduce
a subdiffeology of Dpype. To this end, we consider the following condition (E) for a
plot P € Dryne-

(E) For r € Up and m € X, there exists an open neighborhood W, ,, of r in

eV

Up such that the composite W, ,,“— Up r, C*(X,)Y)—>Y isin
G, where ev,, denotes the evaluation map at m.
Let ]-'é(y be the subset of plots in Dgypne each of which satisfies the condition (E).
We may write Fg for .7-'5( ¥ when the domain X and the codomain Y are clear in
the context. Let D’ := (FZY) be the diffeology generated by Fg¥. It is imme-
diate that D’ is contained in Dpyye and that the identity map (C*°(X,Y), D) —
(C*(X,Y), Dtunc) is smooth.

Ezample 5.1. The diffeology D’ does not coincide with Dgyy,e in general. In fact,
we consider the case where Y = U is an open subset of R® with n > 1 and
G :={id: U — U}. Then, the standard diffeology of U is generated by G.

Let @ be a plot of the mapping space C°°(U, U) which satisfies the condition (E).
Then, for each r € Ug, there exists an open neighborhood W, of r in Ug such that
Q|w, = P oh for some smooth map h and P € Fg. Thus, we see that the image of
Q : h=1(U) — C°°(U,U) consists of constant maps. Therefore, the diffeology D’ is
strictly finer than the functional diffeology.

The following lemma describes fundamental properties of the diffeology D’.

Lemma 5.2. Let f: X — Y be a smooh map.

(1) Let Z be a diffeological space with a generating family Gz of the diffeology.
Then, the map

F(C®Y, 2) (FEE)) = (CF(X, 2),(FEP))

defined by f*(¢) = po f is smooth.
(2) Let Gy be a generating family of the diffeology of Y and Gx be the pullback

f*Gy of Gy by f; see (@3). Then, for any Z, the map
Foi (CF(Z, (X, (Gx)) AFEE)) = (C=(2,Y) (FGY))
defined by f.(¢)) = f o1 is smooth.

Proof. Since both f: X — Y and f: (X, (Gx)) — Y are smooth, it follows that the
maps f* and f, are smooth with respect to the functional diffeology. Moreover, we
see that ev, o (f*0Q) = evy(,)oQ for every Q: Ug — C(Y, Z) and x € X. Thus,
if@ e ngZ, then the map ev, o (f* o Q) restricted to an appropriate domain is in
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Gz. This implies that f* o Q € FZ 7, proving (1). The fact that ev, o f, = foev,
and the definition of Gx yield that f, o P is in ]:gsz for each P € FQZ)?( We have
the results. O

Lemma 5.3. Let G be a generating family of the diffeology of a diffeological space
Y. The functional diffeology Dsunc of C*°(x,Y) coincides with (F5Y).

Proof. Tt suffices to show that Dgyne C <f§Y>. For a plot P € Dgyye, the adjoint
ad(P): Up x x = Y is regarded as a plot of Y. Thus, for each r € Up, there exist
a neighborhood W, of r in Up, € G and a smooth map h: W, — Ug such that
ad(P)|w, x+ = Qo (h x x), where @Q is defined by Q := Qopr: Ug x * — Y with the
projection pr to the first factor. We see that Plw, = ad(Q)oh and ev,oad(Q) = Q.
This implies that P is in (Fg¥). O
Let s: Y — C*°(X,Y) be the section of ev, at any x; that is, s(y)(z) = y for
y€Y and x € X.
Lemma 5.4. The section s: (Y,(G)) = (C>*(X,Y),D’) is an induction.

Proof. The map ¢: Y — (C®(x,Y), Diunce) defined by ¢(y)(x) = y is smooth.
By Lemma B2, we see that the trivial map u: X — * induces the smooth map
u*: (C®(x,Y), (F5Y)) — (C(X,Y),(Fg)). Since s = u* ogq, it follows from
Lemma B33 that the section s is smooth.

For a parametrization Q: U — Y, suppose that s o Q € D' = (Fg). Since ev,
is smooth for each z, it follows that @ = ev, 0 s0 @ € (G). We see that s is an
induction. (]

5.2. Weak Riemannian metrics on mapping spaces. In this section, the Rie-
mannian metric on the space of smooth maps due to Iglesias-Zemmour [TY] is in-
terpreted in our framework.

Let M be a closed orientable manifold and NV a definite weak Riemannian diffeo-
logical space with a generating family G which gives the definiteness; see Definition
B and Example B9, Let {(Vi,¢x)}aea be an atlas of M. Then, for a plot
P € Dtune, 7 € Up and tangent vectors v,w € T,Up, we define a smooth map
Oy (P)(v,w)(r,—): M — R by

@gN (P)(’Uv w)(r, m) = gN(a‘d(P) © (1 X @;1))(r,¢x(m))(ga M)

for m € Vy, where u = (u,0) € T,Up x T, (mypr(Va) = T.Up X RAm M - For the
functional diffeology Dpync, we define a metric g on C*°(M, N) by

6.1 9Py (v,0) = [ 0, (P)(vyw)(rm)vola
M
for r € Up, where voly; is a fixed unit (dim M )-form on M.
The following Lemma b3 shows the well-definedness of O .
Lemma 5.5. Oy, (P)(v,w)(r,m) = gn(evm o P) (v, w).

Proof. Define jm,x: Up — Up X @A(Va) by jma(z) = (z,¢a(m)). Then v =
(ma)e(0) and

O (P) (v, w)(r,m) = gn (ad(P) o (idu, X 93 1)) (rp(my) (1, )
= gn(ad(P) o (idy, x @) © jm)r (v, 0).
It is easy to see that ad(P) o (idy, x ¢} ") © jmx = evi, o P. O
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Since gy is a 2-tensor, it follows that g(P) is an ordinary symmetric covariant
2-tensor field on Up for a plot P: Up — C*(M, N).

To see the smoothness of g, let V' and W be vector fields on Up. Since gy is
a weak Riemannian metric on N, gn(ad(P) o (idy, x ¢5')) is a 2-tensor field on
Up x Uy, where (Vy, p,) is a coordinate neighborhood of m € M, and the function
on Up x V) defined by

(r, 0™ (m)) = g (evim © P), (V(r), W(r))

is smooth. Thus the map r — g(P),(V(r), W(r)) on Up is smooth and hence g(P)
is a smooth 2-tensor.

We show that g is compatible with coordinate changes. Let F': V — Up be a
C*°-map. Then, it follows that

gn(evim o (P o F))r(v,w) = gn(evm o P)p(r) (dF;(v), dFy(w))
Thus, we have

Ogn (P o F)(v,w)(r,m) = Ogy (P)(dF:(v), dF,(w))(F(r), m).
Therefore, it follows that

g(P o F),(v,w) = g(P)p(r)(dF:(v), dF(w)) = F*g(P) (v, w).

This implies that ¢ is a diffeological covariant 2-tensor field on C*° (M, N). Sym-
metry and positivity follow from the fact that gy is a metric. Moreover, we have

Theorem 5.6. Let g be the weak Riemannian metric on C°°(M,N) defined as
above, where the diffeology is restricted to D' .= (Fg). Then the metric g is definite
with respect to the generating family Fg in the sense of Definition [B_1.

Proof. The inclusion of diffeologies gives rise to a natural transformation ¢: D' =
Drtune. By combining ¢ with the metric g and applying Proposition B3, we have a
weak Riemannian metric on C*°(M, N); see the diagram (B).

We show the definiteness of the metric. For a plot P in the generating family
Fg of D', assume that g(P),(u,u) = 0, where v € T,U,. Since gy is positive, we
see that gy (evy, o P),(u,u) = 0 for each m € M. Since P satisfies the condition
(E), by restricting Up to W, ,, the map ev,, o P is in G. The definiteness of gy
enables us to conclude that v = 0. This completes the proof. O

Proposition 5.7. For the weak Riemannian metric g on (C*°(M,N),D’) in (B1),
the pseudodistance d defined by g is indeed a distance provided the pseudodistance
defined by gn is distance on N.

Proof. Since M is compact, the metric g can be described using a finite set of co-
ordinate neighborhoods {(V;, ¢:, (21,...,2,))}F_; and a partition of unity \; sub-
ordinate to each V; as

k
9(P)r(v,w) = Z/ Ai(m)gn (evm o P)y (v, w)§(m)dzy - - day,
i=1 7 pi(Vi)

where voly; = &dxy - - - dx,, with some smooth function ¢: M — R>°. Now, assume
that doee(ar,x)(fo, f1) = Inf cpatn(co (m,N);fo, 1) £(7) = 0 for fo, f1 € C*°(M, N).
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By the definition of the Riemannian distance and the property of the infimum,
there exists a sequence of paths {7, }n=12,.. C Path(C*>(M,N); fo, f1) such that

! . 1
JRCCBNCRVERTES

Then, we have

k

[ (Z [ o, MPIox{em )0 Delmyd dx) ds

=1

IA
S

Since gy is positive, this implies that ;(m)&(m)gn(evy 0 7n)s(1,1) < 25 for any

m € M and s. Therefore, we see that

1 1
gN(eVmO’Vn)s(]-v]-) E n2’
where == maxmenm1<i<k{Ai(m)&(m)}. For any fixed element m € M, the smooth
map ev,, oy, is regarded as a path on N from f(m) to g(m). Then, we see that
! 11 1
U(evi o) = (gn (evim 0 7m)s(1, )) ds < ()7 —.
0 g n

This yields that dy(fo(m), fi(m)) = 0 for any m € M. Since dy is a distance, it
follows that fy = f1. We have the result. (|

We recall the section s: (N, (G)) — (C*°(M,N),D’) in Lemma B4.

Proposition 5.8. One has the commutative diagram

2(C*( M N), 7
(IM volar) Xgn

Proof. This result follows from Lemma B3 and the definition of the metric g; see
(Bm). O

Ezample 5.9. Let (N, (G)) be a weak Riemannian diffeological space whose metric
is definite with respect to G. For example, we can choose the adjunction space
in Theorem B2 as such a diffeological space. Let M and M’ be closed orientable
manifolds with [, volayy = [}, volar. Then, Lemma B4, Proposition B8 and
Theorem B2 allows us to obtain a definite weak Riemannian diffeological space of
the form C(M,N)[[y C>*(M',N).

Remark 5.10. Consider the case that IV is a Riemannian manifold. Suppose P: Up —
C*(M, N) is such that the map ad(P)(—,m) = ev,,, o P: Up < N is an embed-
ding for any m € M. For example P is such a plot if Up = Int DI™N and
ad(P): Up x M — N is a framed immersion. Then clearly P itself satisfies the

condition (E), and Fg is not empty if G contains such a plot.
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5.3. An example: free loop spaces. For a weak Riemannian diffeological space
N, let the free loop space LN = C*(S', N) be endowed with the functional
diffeologoy.

We regard S = [0,27]/(0 ~ 27) and define S*V.S! as the pushout of the diagram

*Ll>51

(5.2) *Hll lz

St ﬁSl\/Sl.

Let S! C STV St (x = left, right) be the image of the first / second copy of S* via
the subduction 7: ST[[S! — S Vv S. The inclusions i,: S} — ST[[S? give the
smooth map n: C>(S*[[S',N) — LN x LN defined by n(f) = (f o itett, f 0 iright )-
It is readily seen that 7 is a diffeomorphism.

Moreover, the subduction 7 gives rise to an induction 7*: C*°(S! v S, N) —
C> (S]] S, N). This follows from the definition of functional diffeology and the
fact that the product preserve a subduction. We will see in Section B that a weak
Riemannian metric g &® g is induced on the product space LN x LN, and by Propo-
sition BTN the metric g @ g restricts to that on C°°(S! v S1, N). The restricted
metric is denoted by gy .

Fix a monotonically increasing smooth function b: R — [0, 27] (in a weak sense)
satisfying b(s) = 0 if s < 7/4 and b(s) = 2 if s > 37/4. Define p: St — S* v S*
by

b — ) € Srlight T <s<2m.

b(f) € S} 0<s<m,
p(e) :{ () left =2 =

Then p is smooth. Therefore, we have a smooth map

(5.3) c=p*: C®(S' v S, N) = C>®(S* N)

which is called the concatenation map.

Proposition 5.11. The map c preserves the metrics; that is, c*g = gy.

Proof. For aplot P: Up — C>(S'Vv S, N), we define a plot P,: Up — C>(S, N)
(% = left, right) by P, = (i,)* o P. Then

P ()t (b(0)) 0<0<m,

eI = S = ) {Pm e (b8~ 7)) 7 <0< om.

Thus for v,w € T,.Up,
(c*g)(P)r(v,w) = g(co P)(v,w)
e 27
= / gm (evp(g)y © P)r(v,w)dd —|—/ gm(evp(gy © P)r (v, w)dd
0

™
/ 1
Sttt

= g(Pleft)r(va w) + g(Pright)r(Ua ’LU) = g\/(P)r(U’ ’LU)

g (evg o Peg)r (v, w)do + /1 g (evg o Prigne)r (v, w)d6
S

right

Observe that the second equality follows from Lemma B3. (]
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Suppose that N admits a definite weak Riemannian metric g with respect to a
generating family G of the diffeology of N. Lemma B3 enables us to deduce that
the concatenation map (A33) is restricted to the smooth map

c: (C®(S'V SY N) (FEVSNY) = (C=(SY, N), (F§'N)).
The proof of Lemma B2 implies that that co P is in fgSlN for each P € ]:gSl\/SlN.

Moreover, the proof of Proposition B0 allows us to deduce that g (P),(v,v) =

g(co P).(v,v) for each plot P € ]__51\/51]\, and v € T, Up. By virtue of Theorem
B8, we have the following result.

Proposition 5.12. The metric gy on (C*(S* v S N), <FgSlVSlN>) is definite.
6. THE WARPED PRODUCT OF RIEMANNIAN DIFFEOLOGICAL SPACES

This section introduces the warped product in diffeology. Given weak Rie-
mannian diffeological spaces (X, gx) and (Y, gy ), we consider T5(X), T2(Y) and
To(X xY). Let f: X — R be a positive smooth map, 71: To(X x Y) — Th(X)
and mo: To(X X Y) — T5(Y) the projections. Then, we see that the map

gXo7T1+(fOpO7T1)'(gYO7T2)ZTQ(X) XTQ(Y)-}R

is smooth on T5(X) x T»(Y'), where p: To(X) — X is the natural map. Moreover,
by the universality of the product, there exists a smooth map i: To(X x Y) —
T5(X) x To(Y'). We define a map gxx,v: T2(X xY) — R by

gxx;v =(gx om + (fopom)-(gy oma))oi.

It is readily seen that, by the definition, gxx,y is a weak Riemannian metric on
X xY. We shall call gxx,y the warped product of weak Riemannian metrics gx
and gy with respect to f.

Remark 6.1. The natural map i: To(X xY) = T2(X) x T5(Y") mentioned above is
a diffeomorphism; see [8, Proposition 2.2.12].

Proposition 6.2. If gx and gy are definite, then 50 is gxx v -

Proof. Let Gx and Gy be generating families of the diffeologies on X and Y, re-
spectively. Let mx: X XY — X and my: X XY — Y be the projections. Then,
the product diffeology on X X Y is generated by the family

.FZ:{P: UP—>XXY|7TXoPEgX,7TyOPEgy}.
This implies that gx v is definite with respect to F. (]
Ezample 6.3. By applying Proposition BT, we obtain examples of definite weak
Riemannian diffeological spaces.

(i) The induction + — R? (Example E5) induces a definite weak Riemannian
metric on +.
(if) Moreover, consider a pullback diagram

YxpX —X

! !

Y —B

in which X and Y are weak Riemannian diffeological spaces with definite metrics.
Then, by combining Proposition B0 with Proposition 63, we see that the pullback
Y xp X admits a definite weak Riemannian metric.
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Let N be a weak Riemannian diffeological space. We introduce another weak
Riemannian metric on C*°(S* v S, N) endowed with the functional diffeology.

We recall the smooth maps i,5: S' — S! Vv S! in the pushout diagram (62),
where S'V S! denotes the one point union of two circles; see Section B3. Then, we
have a diagram of the form

C>®(S'v S, N) —- % LN xy LN —— LN x LN
(61) l l(evo,evl)

N————NxN,

where the square is the pull-back of the diagonal map A, and [ is defined by
() = (y(%), v 0 1,7 0 j).

Lemma 6.4. The map lisa well-defined diffeomorphism with respect to the func-
tional diffeology.

Since LN X LN is a diffeological subspace of N x (LN x LN), it follows from
Proposition B0 that C°°(S1VS!, N) admits a weak Riemannian metric gy ®(g®g).

Proof of Lemma 4. First, we see that LN xy LN = {(n,71,72) | 11(0) = 12(0) =
n} C Nx LN x LN and Z = {(71,72) | 1(0) = 2(0)} C LN x LN are diffeomor-
phic. This is because the smooth maps

pry X pry: LN xy LN — Z, pry X pr3(n,y1,72) = (711,72), and
(eVO OpI‘l,idZ)I Z — LN XN LNa (eVO oprl,idz)('yl,’yg) = (71(0)771a’72)7

are clearly inverses of each other. Under this identification, the map lis interpreted
as the map

l=i*xj*:C®(S*' VS N) = Z, ~~ (yoi,yoj).
Since ¢ and j are smooth, it follows that the maps i* and j* are also smooth.
Therefore, the map [ = ¢* x 5%, and hence [, are also smooth.

Moreover, for any (v1,72) € Z, by the universality of the product, there exists a
map 7v: StV S' — N such that the diagram

St — Sty st — St
\ VH(W/
71 N Y2
commutes. Let v: Z — C*°(S1Vv St N) be the map that assigns to each (y1,72) € Z
its universal morphism . Conversely, given a map v: S'VS! — N, by the universal
property, there exist unique maps vy, 7v2: S' — N such that v; = yoi and v, = yoj.
Therefore, we see that v and [ are inverse mappings of each other. We show the

smoothness of v. Consider the adjoint ad(v): Z x (S' Vv S') — N to v. Then, we
have a commutative diagram

Z x (ST Sh)C LN x LN x (S*T]SY)
idg x LN x LN x SY']]LN x LN x S*
\Lprlxidsl I pryxidgr

Z x (Stv St N LN x STTJLN x St.

ad(v) ev]Jev
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Observe that the quotient map 7: ST[[S* — S Vv S! is a subduction and then
idz x 7 is also a subduction. Thus, v: Z — (C*®(S* V S, N), Dfune) is smooth.
Hence, the map [ is a diffeomorphism with respect to the functional diffeology. O

Remark 6.5. We consider the weak Riemannian metric g on LN described in Section
B2, Observe that we do not require the definiteness of g. The definition of the
metric gy @ (¢ ® g) on LN x y LN seems natural but is different from that in §6=3.
When we measure the length of a given curve in C*°(S* v S, N) with the present
metric, the length of the trajectory of the attaching point is added twice. This
reflects that the map from S' Vv S! passes through the attaching point twice.

We conclude this section with a problem. Let X and N be diffeological spaces
and G a generating family of the diffeology of N. In Section B, we introduce a
subdiffeology D’ of the functional diffeology Dryne of C°(X, N). The diffeology
D’ defined by G with the property (E) in Section B plays a crucial role when
considering the definiteness of a weak Riemannian metric on C*°(X,Y’). Suppose
that IV is a Riemannian manifold. Then, we propose question on the subdiffeology.

P1. Is the bijection [ : C*°(S'Vv S1,N) — LN x y LN in Lemma 64 diffeomor-
phism with respect to the subdiffeology?

Acknowledgements. The authors thank David Miyamoto for valuable comments
on the first version of this article and for showing them the generating family in
Example B.
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