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CW ')(+*-,/.10325476"8:9-;)<>= Gottlieb ?A@-*$B$C>DFE)GH< Gottlieb B$CJILK$MNGO= Sullivan8JP7QSR"T7UV( Q WV*$X"UJY7."Z)[]\ DGA ^_Ea`V*>b"c�Iedgf-<"=7B>C f : E → B h Gottlieb B-Ci8j Q>kVQLl)mnI/o�p-qNrs="`+*7t7u>v O(f) = ⊕iOi(f) *)wxUgI/y"z"{nQ ([32]) |

}-~
[8] � B Ie�x�>�-� j  7!$#J% CW '7(�E3{JQ�| B * n � Gottlieb � Gn(B) Ea�/= (a|idB) : Sn∨B → B∨B → B8/��G:kVQ/B>C Fa : Sn × B → B hVk"f)<7=V,>.�052e4"�)�&���

(1) B × Sn

Fa
%%

B ∨ Sn

(idB |a)

��

incl.oo

B.

IS�&q-{nPi� j [a] ∈ [Sn, B] = πn(B) *x�Ac-�V� ( v�8 j Q ) I$;���|F�$* Fa I a *$�"��B)C (affiliated map) Ea;��|��s�"�&�A*/ +¡�EAGa<+� [23, §3] IL¢V£)|
Gottlieb [8] �7= n h7¤"Un*FE % Gn(Sn) = 0 = n h7¥AUi� n 6= 1, 3, 7 *FE % Gn(Sn) = 2Z ⊂ Z = πn(Sn) =

n = 1, 3, 7 *�E % Gn(Sn) = πn(Sn) = Z I:y-z�G�q$|$¦A§A* Gottlieb vJ*/¨7©J*/�)ª«8:¬A;7<A� [6] IS¢+£x| [1], [13]�+�-=JkVQS­&*n®/¯),-.�052S4�°/±�B)C&*",-.�052S4&°:±Av²E Gottlieb v�EL*+³:´n8$¬V;A<-µA¶N·�¸�<79�rs= [9],[18]�A�>=�0¹4«ºx»�º"¼-½L¾«¿V¼/ÀnÁ/½$ÂgÃ:½:Ä-ÅA(NES*A³S´i8/¬V;"<"Æ$Ç+= Gottlieb v&�),x.È052e4>É«8x9A;"<"Êx{�Ê${Ë7Ì 8LÍ�ÎFÏ5¸A¬+¬&k�Q [25] |VR)T&,).�052S4-Éi8x9«Ð+Qe�+Ñ_E+Ge<V�-=+,-.�052S4-v π∗(X) = ⊕πi(X) *7wxU«h-RÒ j>Ó �A�+R Ò CW '+(J�7= Sullivan *>.AZ7[ M(X) h+Ô7ÕJf-<);iQeÖA�«�-=)R7T Gottlieb v G∗(X) ⊗ Q *-y7z�:×+Ø��VkVQe| X h"q"ÙA* Ó �"�AR Ò '+(J*nE %/Ú)Û Y j:Ü+Ý EAGa<«PVÞHß�·H¸�<7;«QA��E"EAGa<7= G∗(X) ⊗ Q �$¥UV��*)àFESÕ)= rankG∗(X) ≤ cat(X)
jná hVk�Q [3],[4, p.392] |«Ô"Õg· j ;��JE7EAGe<xânp)ã-= Félix ä"å)æ [25],[4,

p.518] ç X h n- �)è CW '+(J*gE % = G≥2n(X) ⊗ Q = 0 Õ_éOêVhVkgrs="`V*$ë�ì)*/íVî&�7Ê"Ù j ;�Pi�O�VkVQS|}"~
[8],[28],[15] �ï?�@ X �-=$ð�<"*xñ>U n 8:�_Ga< Gn(X) = πn(X) I$àAqx{NE % = Gottlieb ò+ó ( �)�/�+�Lô Ó*7qVõöç G- ?J@-ê ) Ee;²�¹|÷ùø
B h H ?J@ j ·a= B × Sn 1×a

→ B × B
µ
→ B Õg·a= Gottlieb ?&@+8 j Qe|+ú&�-;&p j ; [28] h7= B h7�>û&� j Þ

H∗(B) h>R Ò>ü)ý j G- ?&@ j · χ(B) = 0 [8, Theorem 7.3] |}7þ
[28] � Ó �"�"R Ò '+( X 8/�²G�= XQ (:= X *xR"T)ÿ+^Ah Gottlieb ?J@7�+kVQ������7c"l)m«�>= XQ h H- ?�@/|
Ï:<A= G∗( ) �ù³�� \ functor ^���� j ; � ¬&ÊNr f : E → B �-= πn(f) : πn(E) → πn(B) 8x9V;V<"="B)Cç π∗(f) : G∗(E) → G∗(B) ê (*) I$bJÕ j ;)|Aânp"ã7= G1(S

1 ∨ S1) = 0 [8] ÙAÕN·S= i : E = S1 ↪→ S1 ∨ S1 = B� (*) I$bVÕ j ;x|��V�xbNÞS*A� á �3;��
	 j *7Ù����OÕFé `+*��7c7l7mnI�
nf-q:ÍJÎJ�-=������+X&* Gottlieb[8] =
J.Lang[15] = J.Siegel[28] 8/{J�V8Ak+Qe|F�"�/�V���������²EAGa<������gE �+µ7{nQ+��ESÕg· !iõ-q";x|}"~

[32] � f : E → B h)= πn(f) : πn(E) → πn(B) 8$9";"<7=$ð�<"*xñ)U n 8:��G πn(f)Gn(E) ⊂ Gn(B) I/b�Þ j·a= Gottlieb "�# ( �A�/�V�Lô Ó *7qVõöç G- B)CVê ) Ee;²�¹|
�:*/KxM��%$7�AY j�& * (E, B � G- ?+@-� j Þ�<-;-; ) �Ak«rs=Oâ«pxã H- ?+@-@)*$BxC X → Y h H- B$C [23] E�;_�3*Ee�('�)+k$;7h+*��e�+ELI-,�'NG�<>9nÞ3| Siegel[28] \ Lang[15] ^)�/. 4xv G E�`"*10:�)c-v K 8L�NGH= G/K ×Sn 1×a

→

G/K × G
µ
→ G/K \ a ∈ πn(G) ^«8�P>f-<7= f : G → G/K �$ðJ<+*>ñ-U n 8/�²G πn(f)πn(G) ⊂ Gn(G/K) Ixà+q{g��E$I-2�Gaqx|²E7Þ$8��$* f � G- B-CJ��kVQS| Gottlieb � [7] 8>9A;+< ç43�5�6�7V4V* á *&Pn� j ®:¯7,>.�052S4
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°:±VB)C�hxð"?&@�8�9�:nÏ�¸iQxÕ�é3êgE%;-<+��=²Ge<);«Q/h"=�ç43>5�617+4+@A* á *&Pi� j B)C f : E → B hxðA?J@�8*-B-C f ′ 8�9�:iÏ5¸iQxÕ�é [32] êgE & f«E?�A@JY�8/o«p-<-à�Q \CBA*"� (i) ¢+^ | & GD9�:iÏa¸iQ j ·a=$ðJ<A* n 8/�G?B+*)�-�«� (ii) hAE�FV{nQ [7] |
(i) E

f

��

// E′

f ′

��

// Y

B // B′ // Y

(ii) πn+1(Y )

∂
η

n+1

��

∂
ξ

n+1 // Gn(E)

πn(f)

��
Gn(B)

incl. // πn(B)

�"�/� (i) *-W�G_E�B�G«�)`-¸�H)¸ ξ E η Ea;���3�5%6�I�Á�4�¿KJ/¼x�7= ∂n+1 �-9V*)9V*7* n+1 �)�A��LJ°+MVB-CA|}7þON�ø & G f : E → B h G- B-CJ� j Ð/¸&ã-= (i) *�'�)"�+*P9�:&I & q j ;iPi� j ¦V§"WV* E- 3�5-6�I�Á54�¿KJ¼ ξ h�kVQS|
Q�R =JkJQ x ∈ Gn(E) 8x� GL= 0 6= πn(f)(x) 6∈ Gn(B) E5{FQ:|�`J*FE % kJQ�®+S+� j ;T3�5%6UINÁS4&¿KJ/¼

ξx : E → E′ → Sn+1 hAk-f$< πn+1(S
n+1) * ü)ý è y 8L�NG ∂ξx

n+1(y) = x E j f/<-;JQ [15, Thorem I.2] |J�)�L� ξx�/�+*�PJ�H8-V�Q5| πn(ev) : πn(aut1E) → Gn(E) 8APLf/< x 8�WnQaè x̂ IAX$K${�Q5| πn+1(Baut1E) ∼= πn(aut1E) Õ·�= x̂ ∈ πn+1(Baut1E) =a¬+Êgrs=LBxC Sn+1 → Baut1E E YJp"Q5|��:*xBxC&8+P/f:<-=�Z�[T315?61IiÁH4V¿\Ja¼xI�] %^ G5< ξx I%_gQa|��-ëV= Sn+1 WA*-`�'�* B- 315�6�InÁ54V¿OJL¼ η 8:�_G�=(aVK+Õn· Gn(B) 3 ∂η
n+1(y) 6= πn(f)(x) |¬�ÊFr (ii) �-�-�J� j Þ j Qe|�WV*�3�5%617A4V*�9�:�;+<n8x¬+;A<+��b�B�cA¸ j ;>| G- B>C«*-K-Mi8 ^ Qe|

d�e \gf ^ B h G- ?J@ j · , `�'J*)B-C f : E → B � G- B)C"|�Gaq"hVf-< G- B-C«� G- ?J@"*A��@Aÿ²E & Y«pVQa|\ihs^ f : Sn → B 8-q";�G5= f h G- B)CJ�Vk�QA�JE"E [f ] ∈ Gn(B) �7°:±+|\ijs^ f : X → Y E g : Y → Z I G- B-C�E�{nQ&Ea= g ◦ f : X → Z
&

G- B)C"|\lkH^ f ' ∗
& G7Þ:� E ' B × X � f ' πB

j · f � G- B>CA|\ims^O3�5-6�IgÁa4�¿nJ$¼ X → E → B *x�7�VB)C ∂ : ΩB → X � G- B-C [7] |\o�3^ph �A�"?J@ E 8/�²G5=P`�'J*-B)C f : E → S2 � G- B>C&�Vk�Qe| [16, Theorem 2.1]([11])\rq ^Us7» 0ut\v�3Uw - »)Â74�x pn : X → Xn � G- B-C7| [23]}J~
[17] f : E → B 8-��G πn(B) *7è [a] h f : E → B *zy|{�}>~�������� n-th evaluation subgroup �

Gn(B, E; f) 8(�if)<7;«Q&EL�>=
map(E,B; f)

evf

��
Sn

F̃a

99

a
// Bj Q$,>.�0H2e4"�-��.�3�0 F̃a h+k+Q�E % I$;�� |i�7�:� Gn(X) = Gn(X, X; idX) �+k+Qa| [10] \ [14] ^A�A�"³:UA?�@*>."Z)[J�P=AÉ²Ga<7;«Qe|+`i�>8>9";A<�;+Ô>��Q�$A� G- ?�@)=)¬�Ê�rs= G∗(B, E; f) = π∗(B) E j Q$q�õ-*+k�Qel)m&�� ¶_·H¸J<);«QS|��$*A,>.�0�2S4"�-�&�+������8�P-f-<)=

E × Sn

Fa
%%

E ∨ Sn

(f |a)

��

incl.oo

B.

E?Y�pVQ ([20]) *"� f *P$V� Gottlieb v²E & �&Ôx¸�Qe|>�\� á µ+¶iQ>h7=����«·LÕg·L*P=+É \ model * derivation ^� [3], [20],[21] � j Ïa¸�<79�r ="y7z&*-��� Ü�& kgrD�>���n�>`-¸�8(� �¹|÷
: E = S2 × S5 = B = CP 2 *nE % G2(B, E; f) = Z E j Q/B-C f : E → B hVkVQS|
h3¬�* Ü+Ý ç Gn(B, E; f) ⊃ Gn(B) ê�E ç πn(f) : Gn(E) → Gn(B, E; f) êVÕg·�>���

(Gottlieb[8]) � & G G(B, E; f) = G(B)
j · f � G-map �Ak+Qa|nE7ÞL8x= f h+�&,x. 0�2e4>úAB>C�I & ¬ö\��� I-�V¬7^ j · f � G- B-CA|÷

: ®��a["47À)*�3�5
61I«ÁO4A¿�J�¼ ΩX → LX
f
→ X 8:9);)< f ��� - B$C>|)�>�S� l : S1 → X 8e�FGO= f(l) := l(0) |®:¯7,>.�0H2S4J°:±�B)C«� G- B>C"|

,"^ G(B, E; f) = G(B) � j Þ:< & G- B-C���kFr��LQ:|"âgp"ã Hopf B)C η : S3 → S2 8-9+;�< Gn(S2, S3; η) =
πn(S2)[21, Ex2.7] ÙAh G2(S

2) = 0 |
2



}A~
[32] � On(f) := Im [ Gn(E)

πn(f)
→ πn(B)

proj.
→ πn(B)/Gn(B) ] = O(f) := ⊕iOi(f) |�x*�E % =�ç O(f) = 0 ê_E ç f ��� - B)C�êJ�A°$±«�JkFr = 3�5�6�I�Áe4«¿nJ:¼ X → E → B 8>9V;V< X, E hR Ò *nE % = Gn(E)Q = Sn ⊕ Tn ⊕ Un q+Ù�G Un := πn(f)Q(Gn(E)Q) ⊂ Gn(B, E; f)Q ES; �sc7  [31] h�kJQ$hA=

On(fQ) ∼= Un/(Gn(B)Q ∩ Un) E j f-<";«QS|�1�
: �A@n8 f : Y → Z g : X → Y 8/�²G5= rankO(f ◦ g) ≤ rankO(f) + rankO(g)}A~
[32] � G′(E, B) := {[f ] ∈ [E, B] | f � G- B-C }.}A~
[30] � f : E → B h7= cyclic B)C�EL�-=

aut1B

ev

��
E

F̃

<<

f

// B

& G)Þ/� E × B

F
$$

E ∨ B

(f |idB)

��

incl.oo

B

hA,>.�0�2L4"�-�i8 j Q"Pi� j B-C F̃
& G7Þ:� F hAE�FV{nQ�E % Ix;A;"= E Õg· B 8�* cyclic B-C«*:�V�iIx=A�AâWA= G(E, B) E| FÞs|÷ùø

Hopf B>C η : S3 → S2 | Gottlieb v&*>è7|"v&h B 8PV1¡²Ga<7;�QJE % *P¢>£VB-CA|���z¤
[28, Lemma2.1] � cyclic map � G-map |V¬�ÊFr G(E, B) ⊂ G′(E,B) |�$*xú«�-;�p j ;-|"âip7ã-= S2n =

→ S2n � cyclic map � j ; [19, Theorem 3.2] h7=A¥AÉ G-map ��kVQe|÷¦��ø
H∗(B; Q) ∼= Q[w]/(wk+1) with |w| = 2n, E % G(EQ, BQ) ∼= H2n(k+1)−1(E; Q) [19, Example 4.4]. �AkVQ/h)=

G′(EQ, BQ) ∼= [EQ, BQ] ∼= A × H2n(k+1)−1(E; Q) E j Qe|F�"�/� A = {a ∈ H2n(E; Q)|ak+1 = 0} |
,7^§�A�i8�Pir = f : E → B h cyclic map

j · H- ?�@ (= aut1B) I(¨O�/{nQL|�Ea;��L�&Eeh (Hopf *)K-Ti8�Pr H- ?V@"*$R)Tnv/,>.T©�xx4Aª&�$¥-U+� ü-ý1«�¬ X)U j *7� ) =/R-T cyclic map *+­�® # Ð)8 Ú&% Þ ¯>°NG�<);«Q [19]h7= G- B-C�8x9A;A<V�-`V*&Pi� j ��� j�& *7h ( ±«*nEx��� ) ²&k-qg· j ;x|
Ï:<"=����J*P£�³&� Sullivan *P´�µ+.AZ)[ \ minimal model ^ ( k�Q/�)��¶�cA�7U # X7U Q-DGA) [29],[4] ES`+*b7c \ derivation ^�*",>./©Ax)4 [29], [20] �Vk�r =A`-¸�8x¬V;A<$ô Ó 8/¡US>{gQS| Ó �A�AR Ò CW 'V( B *>.AZ)[

M(B) I (ΛW, dB) E| NÞ |¦f¸·�4�x7* (1) *>."Z)[��-= DGA ,>.�0�2S4A�-�«���
M(B) ⊗ M(Sn)

p1⊕p2 // M(B) ⊕ M(Sn)

M(B).

M(Fa)

hh

id⊕M(a)

OO

E j QS|VW�*"�"* !A¹ * M(Fa) �)= ΛW *(`�'&*xè w 8/�²G M(Fa)(w) = w + σ(w) ⊗ ι ( �A�/� ι � M(Sn) *Ow�7è ü"ý è ) ��º«p�·�¸V=n�/*�E % σ � derivation E j f-<";«QL| M(Fa) � DGA- B>C&�VkJQA�JESÕ�·a= derivation* ( �-UgI»f ¬�B�¼JQ ) ¶VciI
δB(σ) := dB ◦ σ − (−1)|σ|σ ◦ dB σ ∈ DernM(B) = Dern(ΛW, dB)

�)K-M+{gQ \ δB ◦ δB = 0 ^²Ea= σ � n ��½�6�½L[n8 j f)<7;�Qe|��S¸�ÕF· derivation * j { DGL (Der∗(ΛW ), δB)*",>./©Ax-4>v Hn(Der(ΛW )) h)bVÕ-¸+="`)¸�I(¡�; n �7R7T Gottlieb v & K)MNÏ�¸gQ [4, p.392-393],[26] |
3�5%6�IgÁa4�¿nJ$¼ X

j
→ E

f
→ B *>.AZ)[��-= KS- 9 Ú [4, p.198] E�¾Vã$¸nQ \�¿KÀ)�(´�µ�E:� Ò · j ;)^A.AZ7[*PG

M(B) = (ΛW, dB) → (ΛW ⊗ ΛV, D) → (ΛV, D) = (ΛV, d) = M(X) : D|ΛW = dB��º&p�·�¸gQe|F�e¸�I+¡�;+< f : E → B *�Á�ÂV�"c7v G∗(B, E; f)
& WFE:°/Å Ga<�º&pi·H¸nQ [20] | & �1�A�A=�3�5

6�InÁ54�¿/J:¼:hg®%S (E ' X ×B)
j · f � G-map Ù�G5= (ΛW ⊗ΛV, D) ∼= M(B)⊗M(X) |AB-C�I�3�5�6�InÁ�4¿nJ/¼&EAGe<nE"·$p+QJEe= KS 9 Ú I+¡V;�QA�VE/8�P«rs= G- B-C&*7t7u jiá I:o�p+Q/W+�A���+|

�1�
1
ø

πn(B)Q = Hom(W n, Q) *x�Ac  1Ã Wn �)�«I/àVq>{ & *7h�kVQ :

On(f)Q
∼= Q < w∗ ∈ Wn | w∗ �>��* (i) E (ii) I$à+q-{ >

(i) δE(w∗ + σ) = 0 for some σ ∈ Dern(ΛW ⊗ ΛV, D) with σ(x) = 0 for any x∗ ∈ Wn

(ii) δB(w∗ + τ ) 6= 0 for any τ ∈ Dern(ΛW, dB) with τ (w) = 0 |
Ä�Å

: v ∈ W E h ∈ ΛW 8/�²G�= (v, h) I:è v I/è h 8-W²G v b « *$è«�(Æ�8(WA{ \  �"^ derivation EH{nQ [29],
[26] |�`�'&* derivation �-=i�$*  � derivation *��7�)�A�J� P

i(vi, hi) *&Pi�a8(Ç>ÈgQe|²E7Þ:8 w∗ = (w, 1) |
3



÷�¤�ø ¥>U��)¦A§�3�5%6�InÁ�4V¿nJ:¼ Sm → E
f
→ B �)= M(Sm) = (Λ(v), 0) = M(B) = (Λ(w1, w2, · · · , w2n, u), dB)

(n > 1) ( ðV<7*/èV*/�xU&�:¥>U ) = dBu = w1w2 · · ·w2n `gG�< Dv = w1w2 E7G�qiE % = δE(wi, 1)(u) = D(wi, 1)(u)+

(wi, 1)D(u) = (wi, 1)Du = (wi, 1)(w1 · · ·w2n) = (−1)i−1w1w2 · · ·
∨
wi · · ·w2n. E j QL|FP-f>< i = 3, · · · , 2n 8-9;A<

(i) δE((wi, 1) + (−1)i(u, vw3 · · ·
∨
wi · · ·w2n)) = 0

(ii) δB((wi, 1) + τ ) = (u, (−1)i−1w1w2 · · ·
∨
wi · · ·w2n) + τ 6= 0 (any τ )

�"p$=(É�<¦fSP&rs= O(f)⊗ Q ∼= Q < w∗
3 , · · · , w∗

2n > (6= 0) E j rs= f � G- B>C�� j ÞO= rankO(f) = 2n− 2 |n�/*iE%
EQ ' S

|w3|
Q × ... × S

|w2n|
Q × E′

Q

j QLR7TAc- «hVk�Qe|}A~
[4] � R7T«,>.È052S4)vJh>R Ò =)R)TKvx,�©Ax-4-v&h>R Ò �>¤)U�� ü7ý j>Ó �"�"?&@VI F0- ?�@nEe;²�¹|

Halperin ä)å$æ � ç X h F0- ?V@ j ·O=D`>'A*>3�5 6>IiÁO4+¿�J5¼ X → E → B � c-split {�Q \ËÊ>Ì"Y"8 H∗(E; Q) ∼=
H∗(X; Q) ⊗ H∗(B; Q) ^ ê [4, p.516]. �e¸&� X h-Ç Ý ?&@"*xÖ"� [27]

jná =xÅ\Í j ÖA�J��ÎAKAY+�Vk�Q [5] |
Ï <ÐfSP«r =}7þ

B
ø

E = B I Ó �"�"R ÒUÑÓÒ '+(NE�{iQe|VB>C f : E→B 8x9";+< H∗(f ; Q) h ÓAÔ j ·a= f �xR7T G- B)CV=-¬ÊFrs= π(fQ)G(EQ) ⊂ G(BQ) |
Õ

: X h F0- ?�@ j · \ Halperin ÖA×g87³L´ j Þ5^ f �$R"T G- B)C�Õ�é B)C«� á *&Pn� j ,>.�0�2L4U3�5%6�7V4&I
�+¬NE % G- B-CJÕNé÷ÙØ ø

M(X) = (Λ(x, y, v1, v2, v3), d) |x| = |y| = 2, |vi| = 3, dx = dy = 0, dv1 = x2, dv2 = xy, dv3 = y2 EH{QL|��>*FE % = X � F0- ?�@A� j ;�h X I7,).�052:4O3�5%6�7�4�E�{FQ�`�'«*7B7C f : E → B � G- B7Cn8 j QL|Q�R = D ◦ D = 0 Õg· Dx = Dy = 0 E j rs="�)U�Õ�· Dvi = aix + biy + ci qAÙNG ai, bi, ci ∈ M(B) Ea9�ÐQS|�W�*PÉ1< 1 Pir =�`�'«* ΛW ⊗ Λ+V *-è α 8x�²G D(α) 6∈ ΛW − {0} I+21ÈV¸«ã«P/;-|²GSqAh�f-<"=�­i8 d-
v(½>6�½/[�* D 8&P"QLCgI � ¶A¸«ã«P/;VhA= H+(X; Q) ∼= Q < x, y, xv2 − yv1, xv3 − yv2, xyv2 − y2v1 > ��kFrs=
D(xv2 − yv1), D(xv3 − yv2), D(xyv2 − y2v1) ∈ ΛW ⊗ Λ+V ��kVQ>*7��2>È�qx|
, : c�ÚJB-C h : B → Baut1X * π∗(h)Q *�Û>Ü�Ù�Ð-Õg·:�$R)T G- B-C&Õ á �HÕ+�)Ô"Õg· j ;>|

Õ
: Whitehead v Wn(X) = Whitehead ?J@ [28] \ [23] ^&8/�²G5= Whitehead- B-C ( Ê7q+�AÝ7� Whitehead B-C )

&
® Þ�8>K-M�G5q)WV�7=�ç H- ?�@ ⇒ G- ?&@ ⇒ W- ?J@�ê *-B-C"D �

cyclic B-C ⇒ Gottileb B-C ⇒ Whitehead B-C
*�ß�à+*�á�â�ÃSÀ>ÇiI«E�rekAp+ã"R)TV."Z7[J�>o>ä�ÈFP5|}-~

[33]: Z I5�-�-�-� j  "!/#«% CW ')("= Z(n) I Z * n ��å+æ�ç:?V@«E3{�QH| n > 0 8S�FG�< Z * m-(n)-Gottliebv G
(n)
m (Z) EL�-= (a|idZ(n)) : Sm ∨ Z(n) → Z 8/�²GLk+Q/B-C F (n) : (Sm × Z)(n) → Z \ �"�VB-C &�á % ^VhVkAf<7=+,-.�052e4"�)�&���

(Z × Sm)(n)

F (n)

&&

Sm(n)
iSm (n)oo

a◦pSm

n

��

Smsoo

a
uu

Z(n)
pZ

n

//

iZ (n)

OO

Z,

Ie�Jqx{�P�� j [a] ∈ [Sm, Z] = πm(Z) *$�7c)vnI$;��¹|n�a¸J� (X ×Sm)(n) ' X(n)∪X(n− 1)×Sm(1) [12] 8P�r Gm(Z, Z(n); pZ
n ) E:°PMA|F�A�x� s � cat(Sm) = 1 �+p+E�F�{gQ�� � | πm(Z) ⊃ G

(1)
m (Z) ⊃ · · · ⊃ G

(n)
m (Z) ⊃

G
(n+1)
m (Z) ⊃ · · · ⊃ Gm(Z)

j Q%è�é�GJhVk�r = cat(Z) < n *gE % G
(n)
m (Z) = Gm(Z) |

Õ
: EJrekVp(ãAR"TV.AZ7[J� G- B7C�E G(n)- B)C&*V³L´FI�Sg·SÕ�8+ÈFPa|²\ê��@i8A�+���J� & �7cJ� &>j ;i��ExI-2{"R7TV."Z7[��A*xâJhAVA¸nQL^
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